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Goal

Scalar time-homogeneous SDEs, b, bR =R o o:R — [0 00),

c)_(t = f_)()_Q)ct + 0()_<t)0 V_Vt o p = Law (()_<t)tejo,Tﬁ)
dX; = b(Xt)Ct i 6(Xt)0 Wi M v = Law ((Xt)tG:O,T:)

Compute a suitable distance between ;. and v.

Assumptions

and finitely many
&r, o 1S Lipschitz and

(2) b is bounded and measurable, o is bounded, a-Holder
(o € [1/2,1]), and uniformly non-degenerate.

(3)b, o are continuous with linear growth, and pathwise
uniqueness holds for the SDE.

(1) b has at most

Canonical distance between probability measures Is the

Inf

.
Wg(,u, V) = // ws — ws|P dt dmr(w, w)
reCpl(p,v) Jq Jo
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> Optimal coupling Is to match the blue paths and the
,and so Wy(pn, 1) — O

> Asequence of converging to a

> This IS a good distance between stochastic processes

Define the
ing Cpl(u, ) with

AW,(u, v) by replac-

Cply (p, v) = {m € Cpl(u, v): 7 is }
> 7 = Law(X, X) is if given the past of X, the future of
X IS iIndependent of X, and vice-versa
> The optimal coupling above is no longer admissible
> for all n large

Main Theorem

Suppose that (b, o) and (b, &) each satisfy one of Assumption 1
or Assumption 2 or Assumption 3.

Then the :
7Y = Law(X, X) with

"¢ attains AW,(u, v), where

NumericalScheme

Transformation: For (b, o) satisfying Assumption 1, define
so that for some b, o,

dZt = b(Zt>dt + 5'(Zt)d\/\/t

Transformed semi-implicit Euler scheme: LetN € N, h = T/N,

Z0= 2o, Zlpooy = Zin * hb(zh )+ o(Z0,)
with AW,
Define X" by fork e {o,...,N}.

Convergence Result

Let (b, o) satisfy Assumption 1. Then the SDE has a
and, for all , there exists C, > 0 such that

: C 1,2
4:[XTX?‘T<{ o Pl
Cphp(p—ﬂ, D> 2.
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Knothe—-Rosenblatt

[d

For p, v on RY, Uy, ..., Uy ~ Ul0,1], X, = F ,/(Us), Ya = F,/(Us),
Xe=F o (Up), Ye=F,  (Ug)
X1, X Voo Yo
The between u", v is

7TKR — LaW(Xm ,Xn, Y1, Joo g YN)

Knothe-Rosenblatt rearrangement for N = 2

Proofldea

> Under Assumption 1, X, X by X", Xh.
> 1" = Law(X") and v" = Law(X") are
> [RUschendorf’85].

h—0

> AW, (ul, 1) —= AW,(u, v) and
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