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SUMMARY

We study a stochastic control problem for continuous multidimensional martingales,
motivated by recent developments in robust finance and martingale optimal trans-
port.

In a radially symmetric environment, we explicitly construct the solution to
this problem under mild regularity conditions. We consolidate some ideas from the
theory of viscosity solutions of PDEs, which we then apply to solve our problem.

Under a particular growth condition on the cost function, we solve the control
problem in the two-dimensional case by proving that a weak solution of a certain
SDE generates a Brownian filtration. We prove non-existence of strong solutions
of this SDE and a related SDE, building on ideas from the study of Tsirelson’s
equation. These results lead us to conjecture that there is a gap between a Markov
formulation of the control problem and a strong and weak formulation.

Finally, we draw a connection to two further control problems. We characterise
each of these problems in terms of viscosity solutions of a Monge-Ampere equation,

similar to that which arises in the classical theory of optimal transport.
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CHAPTER 1

INTRODUCTION

The theory of stochastic optimal control is concerned with solving optimisation prob-
lems where the dynamics of the underlying process are stochastic. Such a process is
typically described via a stochastic integral or stochastic differential equation that
depends on an auxiliary stochastic process. This auxiliary process is known as the
control process and can be chosen from a given set. The aim of a stochastic optimal
control problem is to minimise the expectation of a cost that depends on the path
of the underlying stochastic process.

In this thesis we study stochastic optimal control problems and their intersection
with the theories of martingale optimal transport, existence of weak and strong
solutions of SDEs, and Monge-Ampere equations.

We consider problems related to the control of continuous multidimensional mar-
tingales with fixed quadratic variation. In one dimension, it is well known that any
continuous martingale is a time-change of a standard Brownian motion. Martingales
with fixed quadratic variation are a natural generalisation of Brownian motion to
higher dimensions. Imposing this constraint will allow us to study the structure of
the optimal martingales in the control problems that we consider. Further motiva-
tion for studying these problems comes from a connection with martingale optimal

transport, as we explain in the following section.

1.1 Motivation: Robust finance

We begin by motivating the stochastic control problem with a discussion of recent
developments in the field of robust finance.

In classical mathematical finance, one typically assumes that the price of some
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underlying asset evolves according to an SDE from some parametric family. Then
historical data is used to estimate the parameters. Model misspecification is a
potential flaw in this approach. No model can be entirely correct and, in particular,
any model will fail to accurately predict the impact of a severe unexpected event. It
is therefore important to quantify the uncertainty in the choice of the model. This
type of uncertainty is often referred to as Knightian uncertainty.

To avoid the pitfalls that come with specifying a model, Hobson first proposed
a robust method for pricing and hedging a lookback option in the 1998 paper [32].
Hobson obtains hedging strategies and bounds on the price of the option that are
independent of any model and based instead on observed option prices. Since this
paper, the field of robust or model-independent finance has expanded significantly.
One of the bounds in [32] is obtained by relating the problem to a Skorokhod embed-
ding problem; a connection of this type holds in more generality. The 2011 lecture
notes of Hobson [33] provide a survey of results in model-independent finance that
are obtained from Skorokhod embedding techniques.

More recently, a variation of the Monge-Kantorovich optimal transport problem
has been applied to problems in robust finance. The martingale optimal transport
problem, as it is known, was initially developed in the context of robust finance in
papers of Beiglbock, Henry-Labordere and Penkner [3], Galichon, Henry-Labordere
and Touzi [27], Hobson and Klimmek [34], and Hobson and Neuberger [35].

1.1.1 Martingale optimal transport

The problem of martingale optimal transport is a variation on the classical Monge-
Kantorovich transport problem. Fix d € N and suppose that o and p; are proba-
bility measures on R?. Let M be the set of probability measures on R x R? and

define the set of couplings of py and py by

oy = o), |

R4

M) = { € A rlde.) = ()}

R4

Let ¢ : R? x R? be a measurable function. Then, as defined in Villani’s book [63],

the optimal transport problem is to find

inf / c(x,y)m(dz, dy).
R xRd

m€Il(po,11)

To define the martingale optimal transport problem we restrict the set of admis-

sible couplings to satisfy an additional martingale condition, as in [4] for example.
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Define the set of martingale couplings of pg and py by
(o, p) :={m € M(po, p1): E"(Y|X) =X, if Law(X,Y)=m}.

Then the martingale optimal transport problem is to find

m€ s (po,11)

inf / c(x,y)m(dx, dy).
Rd xRd
Equivalently, we can express this as finding

inf  E"[c(X,Y)].
m€llns (po,p11)
Law(X,)Y)=m

In the case that d = 1, Beiglbock and Juillet established results on the structure
of optimal couplings in [4], and in [5] Beiglbock, Nutz and Touzi proved a duality
result analogous to the classical Monge-Kantorovich duality. Namely, for ¢ lower

semicontinuous and non-negative, define a set of triples of integrable functions

Hpo, pn) == {(d, 9, h): o(X,Y) > (X) +¢(Y) + h(X)(Y — X)
m—a.s. forall me My (uo,p1)}.

Then
Tomk ?‘{%’i}) (bsh)EM (10 11)

Financially, the solution of the dual problem on the right hand side corresponds to
the maximum cost of a subhedging strategy, and this is independent of any choice
of model.

De March extended this duality result to higher dimensions in [16], based on the
structure results of De March and Touzi in [17]. Further results on the structure of
optimal couplings in arbitrary dimensions are established by De March in [15] and

by Ghoussoub, Kim and Lim in [29].

1.1.2 Relationship to stochastic control

In [57], Tan and Touzi present an alternative approach to solving the martingale
optimal transport problem, similar to the work of Benamou and Brenier for the
classical optimal transport problem in [8]. Backhoff-Veraguas, Beiglbéck, Huesmann

and Kallblad take a similar approach in [1]. In [57], Tan and Touzi consider a dual
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formulation of the problem, which we rewrite as follows. Consider a process X and

define the set of measures
P:={P: (Xi)p, Iisa martingale under P, Law(Xg) = po}.

Then, defining Cy(R?) to be the set of bounded continuous functions on R?,

i E’ [ /O f(X,) ds}

Law(X1)=p1

= sup {inf EF [/lf(Xs)ds—l— )\(Xl)} —/ )\(:E),ul(da:)}.
AEC,(RY) (PEP 0 Rd

The interior optimisation problem is a stochastic optimal control problem, and it is

this type of problem that we will investigate in this thesis. Instead of the fixed time

horizon in the above problem, we will consider martingales running up to the first

exit time of a bounded domain, and we will constrain the martingales to have fixed

quadratic variation. Defining the set of measures

P:={P: (Xi)>0 is a martingale under P, (X); =t¢, t >0, Law(Xy) = o},

and a set of stopping times 7, we are interested in finding

sup {Sup inf EP [ /0 "X ds+)\(XT)} - /R d)\(x)ul(dx)}.

AeCy(RD) L T€T PeP

In this thesis we focus on the interior control problem of optimising over martingales.

1.2 Literature on the stochastic control problem

An overview of stochastic control is presented by Fleming and Soner in [26], by Pham
in [49], and by Touzi in [58]. Pham and Touzi both describe some of the financial
applications of the theory of stochastic control in [49] and [58], respectively.

In the following section, we will take our definition for the strong formulation
of the control problem from [58]. We will also consider a weak formulation of the
control problem, following El Karoui and Tan in [20], where they introduced weak
and relaxed forms of the control problem. We will refer frequently to [26] and [58]
in the following sections as we introduce the dynamic programming principle and
the Hamilton-Jacobi-Bellman (HJB) equation as tools to solve the stochastic control

problem.
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When considering martingales with a fixed quadratic variation, an appropriate

control set is

U={oceR": Tr(oo")=1}.

We see this by considering a martingale X that is adapted to the natural filtration
of some Brownian motion B. Then there exists an adapted process o such that X

has the representation
dXt = O0¢ dBt (11)

If oy € U for all t > 0, then the quadratic variation (X) is given by
d(X); = Tr(opo, ) dt = dt.

With the above definition of the control set U, the value of the control problem
should solve the HJB equation

1.
— —;rellf]Tr (D2UO'O'T) = f. (1.2)

The specific problem of stochastic control over martingales with a fixed quadratic
variation has appeared recently in the two papers [40] and [41] of Larsson and Ruf.
In [40] the authors consider the problem of finding the greatest almost sure lower
bound on the exit time of a martingale from some domain. Larsson and Ruf apply
this control problem in [41] to find the minimal time horizon over which relative
arbitrage can be achieved for a market with at least two stocks. While the control
set in [40] and [41] is the same as in the problem that we study, we consider a
different class of cost functions.

The HJB equation (1.2) takes a similar form to the Black-Scholes-Barenblatt
(BSB) equation, as studied in [61]. Compared with the PDE (1.2), the BSB equation
has an additional time derivative term, and the infimum can be taken over a more
general compact control set. The BSB equation is an HJB equation corresponding to
a time-inhomogeneuous control problem of the type discussed in Section 3.3 of [58].
In [30], the BSB equation is applied to find a super-hedging strategy for European
multi-asset derivatives.

Feng and Jensen study another HJB equation in [24] that is related to the PDE
(1.2). The same control set U appears in their HJB equation, but there is an ad-
ditional term inside the infimum that depends directly on the element of U. In
Section 5.3, we will show that the control problem corresponding to this HJB equa-
tion is related to our original problem. In [24], the authors use the equivalence of

this HJB equation with a Monge-Ampeére equation in order to develop a numeri-
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cal scheme for the Monge-Ampere equation, but they do not discuss the associated
control problem.

In [28], Gaveau studies another control problem that is related to a Monge-
Ampere equation. In our original control problem, we fix the quadratic variation
of the martingales, which corresponds to constraining the Frobenius norm of the
volatility matrix in the martingale representation (1.1). In the control problem in
[28], this constraint is replaced with a constraint on the determinant of the volatility
matrix. In Section 5.5, we will show how this problem is related to our original

control problem.

1.3 Outline of the thesis

In this thesis, we study control problems for martingales over two related control
sets. We give a PDE characterisation of these general problems and demonstrate
the relationship between them. Specialising to the case of a radially symmetric
environment, we give explicit solutions and prove further properties of the control
problems.

The main contributions of this thesis are the following:

1. We provide an explicit solution to a control problem for multidimensional
martingales with fixed quadratic variation in a radially symmetric environment

in Theorem 2.30, motivated by applications in robust finance.

2. We present two SDEs that do not admit a strong solution in Theorem 3.4 and
Theorem 3.15. The SDEs arise naturally from the above problem of stochastic
optimal control. Proving that a weak solution of the first SDE generates a
Brownian filtration allows us to complete the proof of Theorem 2.30. The
results on non-existence of strong solutions lead to Conjecture 3.5 that asserts
that there is a gap between a Markov formulation of the control problem and

a strong and weak formulation.

3. We characterise the value functions of two stochastic control problems in terms
of viscosity solutions of a Monge-Ampere equation in Theorem 5.24 and Corol-
lary 5.37. These control problems are equivalent to each other and related to

the first problem that we study, as shown in Theorem 5.40.

The thesis is organised as follows.
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1.3.1 Section 1.4: Preliminaries

In the remainder of this first chapter, we define the first stochastic control problem
that we will study, and we prove some preliminary properties of the value function.
We define both a strong and a weak formulation of the control problem. In Proposi-
tion 1.7 we show that, under certain assumptions, the weak and strong formulations
are equivalent, by referring to a result from El Karoui and Tan’s paper [20]. We show
that the value function is semiconvex in Lemma 1.11 and deduce that it is locally
Lipschitz in Corollary 1.13. We use this continuity property to prove directly that
the value function satisfies a dynamic programming principle in Proposition 1.17. In
Section 1.4.4 we introduce the HJB equation that will be key to solving the control
problem explicitly in Chapter 2.

1.3.2 Chapter 2: Stochastic control of martingales in a ra-

dially symmetric environment

In this chapter we study the control problem defined in Section 1.4.1 in a radially
symmetric environment. We construct a candidate for the value function explicitly.
For a continuous radially symmetric cost function with sufficient regularity at the
origin, we verify the candidate value function in Proposition 2.15 by showing that
it is a viscosity solution of an HJB equation with appropriate boundary condition.
This method of proof relies on Theorem 4.20, which shows that the value function is
the unique viscosity solution of the HJB equation with a given boundary condition.
We present the technical details of this theorem in Chapter 4.

To construct the value function, we reduce the problem to a one-dimensional
switching problem. We identify the optimal switching points and observe that the
principles of smooth and continuous fit are satisfied at these points, although the
usual rationale for smooth fit is not always applicable.

We find that the optimal process switches between two behaviour regimes: the
process either follows radial motion, moving as a Brownian motion on a line through
the origin, or tangential motion, moving on a tangent to the current position. The
latter behaviour results in a process with deterministically increasing radius. This
property has been exploited by Fernholtz, Karatzas and Ruf in [25] to solve a relative
arbitrage problem, as described in [41].

We extend the result of Proposition 2.15 to relax the regularity of the cost
function and allow the cost to become infinite at the origin. In Theorem 2.30,
we characterise the value function and determine under which growth conditions

the value remains finite. For a regime of moderate growth of the cost function in




1.3. OUTLINE OF THE THESIS

dimension d = 2, we require a result on Brownian filtrations from Chapter 3 in order
to complete the proof of Theorem 2.30. We also introduce a Markov formulation
of the control problem and show that this is equivalent to the strong and weak
formulations, with the possible exception of the moderate growth regime mentioned

above. We consider this growth regime in the following chapter.

1.3.3 Chapter 3: SDEs with no strong solution arising from

a problem of stochastic control

In this chapter, we present two SDEs that have no strong solution. Both of these
SDEs arise naturally from the control problem of the previous chapter in dimension
d = 2. We first consider an SDE describing tangential motion starting from the
origin. We show that a weak solution of this SDE generates a Brownian filtration
and use this to show that the strong value function is equal to the weak value
function in the regime of moderate growth of the cost function. This completes the
proof of Theorem 2.30 from the previous chapter.

In Theorem 3.4 we prove that this first SDE has no strong solution. This result
leads us to formulate Conjecture 3.5, which asserts that there is a gap between the
Markov value function and the strong and weak value functions at the origin in
the moderate growth regime. We go on to consider martingales that approximate
optimal behaviour in the sense that their associated value converges to the strong
value function. We show in Theorem 3.15 that the SDEs describing one such possible
approximating sequence also have no strong solution starting from the origin. This
supports Conjecture 3.5.

The proofs of these theorems adapt techniques used in the study of the example
of an SDE with no strong solution given by Tsirelson in [59]. In particular, we make
use of the properties of circular Brownian motion that Emery and Schachermayer

prove in their study of Tsirelson’s equation in [21].

1.3.4 Chapter 4: Viscosity solutions of Hamilton-Jacobi-

Bellman equations

The main result of this chapter is Theorem 4.20, which states that the value func-
tion defined in Section 1.4.1 is the unique viscosity solution of the associated HJB
equation with appropriate boundary condition. This is the result that is used to
find the explicit form of the value function in a radially symmetric environment in
Chapter 2.
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We follow standard arguments from Touzi’s book [58] to show that the value
function is a viscosity solution of the HJB equation. We establish uniqueness by
proving a comparison principle, as is typical in the theory of viscosity solutions of
PDEs. The standard proof of comparison for viscosity solutions given in Crandall,
Ishii and Lions’s User’s Guide [13] requires coercivity of the differential operator in
the zeroth derivative. Since coercivity does not hold for the HJB equation that we
are considering, we use the perturbation argument from Section 5.C of [13]. The
perturbation that we choose is the same as that suggested by Ishii and Lions for
proving comparison for a Monge-Ampeére equation in [36]. In this way, we adapt the
standard proof of comparison to obtain a uniqueness result for the HJB equation
in Proposition 4.19. We conclude the proof of Theorem 4.20 by verifying that the
value function extends continuously to the boundary of the domain and satisfies the
boundary condition pointwise. Our argument is based on similar results to those

proved by Gaveau in [28] for a related control problem.

1.3.5 Chapter 5: Control problems related to a Monge-

Ampere equation

In this final chapter, we study two further control problems that are related to the
problem defined in Section 1.4.1. We show that the value function of each of these
problems solves a Monge-Ampere equation and deduce that the two problems are
equivalent.

First, we refer to the paper [24] where Feng and Jensen show that a Monge-
Ampere equation has an equivalent formulation as an HJB equation in the sense
of viscosity solutions. The stochastic control problem that is related to this HJB
equation is not discussed in [24], and so we study this problem here. The control
set is the same as for the problem defined in Section 1.4.1, but an additional cost is
introduced to penalise martingales whose diffusion matrix has a small determinant.
We show that the value function of this problem is the unique viscosity solution of
a Monge-Ampere equation with appropriate boundary condition.

We then consider the control problem that Gaveau studies in [28]. In this prob-
lem, the constraint that the controlled martingale must have fixed quadratic varia-
tion is replaced with a constraint on the determinant of the diffusion matrix. In [28],
Gaveau shows that the value function is a weak solution of a Monge-Ampere equa-
tion, but this result came prior to the introduction of viscosity solutions by Crandall
and Lions in their 1983 paper [14]. We make use of the modern theory of viscosity
solutions and prove that the value function is the unique viscosity solution of the

Monge-Ampere equation with appropriate boundary condition.
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Finally, in Theorem 5.40, we prove that the common value of the two problems
introduced in this chapter is bounded below by the value function of the problem
defined in Section 1.4.1. By means of examples, we show that equality may hold in

this bound, although the inequality is strict in some simple examples.

1.4 Preliminaries

In this section we formulate a stochastic control problem over continuous multidi-
mensional martingales with fixed quadratic variation. We prove preliminary results
on convexity and continuity of the value function. We then prove a dynamic pro-

gramming principle and heuristically derive the associated HJB equation.

1.4.1 Problem formulation

We now formulate the control problem precisely, as follows.
Fix d € N. We introduce the control set

U:={oceR": Tr(oco")=1}.

Let D C R% be a domain and define the functions f : D — R and g : 9D — R, which
we call the running cost and boundary cost, respectively. We make the following

assumptions.
Assumption 1.1. Suppose that
1. The domain D is bounded;
2. The cost functions f and g are upper semicontinuous;
3. The running cost f is bounded above; i.e. f < M, for some M > 0;
4. The boundary cost g is bounded above; i.e. ¢ < K for some K > 0.

We introduce two variants of the control problem: a strong formulation and a
weak formulation. We will show in Proposition 1.7 that, under Assumption 1.1,
these two formulations are equivalent. We will relax our assumptions in Section 2.4
and show that this equivalence still holds. In Chapter 3, we will address a case
where the theory of weak solutions of SDEs and Brownian filtrations is needed to

prove the equivalence of weak and strong formulations.

10
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Strong formulation

The strong formulation of the control problem is to find the strong value function
v : D — R, which we now define as in [58]. In order to define the value function,
we introduce the set of controls, which will be U-valued processes, and we describe
the dynamics of the controlled martingales via the stochastic integral (1.3) below.

Let (Qq, F,Py) be a probability space on which a d-dimensional Brownian motion
B is defined with natural filtration F = (F):>o.

Control: Define the set of controls

U = {U-valued F-progressively measurable processes} .

Dynamics: For any x € D and v = (14)i>0 € U, define X” by the stochastic

integral

t
Xt”:a:+/ vedB,, t>0, (1.3)
0

and define the associated exit time from the domain by
T:=inf{t > 0: X/ ¢ D}.

Example 1.2. Let 0 : D — U be Lipschitz. Then there is a unique strong solution
X7 of the SDE
dXt = U(Xt) dBt, XO =2X.

Define v, = o(X7), for allt > 0. Then v € U and, for any t > 0, X7 = x—i—f(f vy dB,.

Notation. For a process Y starting from a point y and a functional F' of the path

of Y, we denote the expectation with respect to the law of Y by
EV[FY)] :=E[FY)[Yo =y].

Value function: We define the strong value function v° : D — R by

v9(z) ;= inf E” {/OT f(XY)ds +g(X2)| . (1.4)

veld

Remark 1.3. Note that, for any v € U, the quadratic variation of a controlled

martingale X" is given by

11
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for any ¢ > 0, by the definition of the control set U.

Definition 1.4. We say that a process X has unit quadratic variation if its quadratic
variation is given by
(X)y=t, forall t>0.

A martingale with unit quadratic variation has the property that the expected
exit time of the martingale from a ball is fixed. This gives a bound on the expected

exit time from the domain D as follows.

Notation. Let R > 0 and z € R?. We denote the d-dimensional open ball of radius
R centred at x by
Br(z) := {y € R: |y — x| < R}.

For a given process X, we denote the first exit time from Bg(0) by

Tr = inf {t > 0: X; ¢ Br(0)}.

Proposition 1.5. Let X be a continuous martingale with initial condition Xy =

x € D, and suppose that X has unit quadratic variation. Fix R > 0. Then
E*[rz] = R? — |z|*.
Moreover, defining T :=inf {t > 0: X; ¢ D}, we have the bound
E*[r] < diam(D)? — |z|* < oc.
Proof. Applying It6’s formula to | X, |2 and taking expectations, we find that
E” [|X,, "] — [2f” = E* [(X)

=E* [TR]a

x)

since X is a martingale and has unit quadratic variation. Therefore, by continuity
of the paths of X, we have
E*[rp] = R* — |a*.

Now set R = diam(D) so that D C Bg(xz). Then the inequality 7 < 75 holds

pointwise and, in particular,
E*[r] < E*[rg] = diam(D)? — |z|* < oo,

as required. O

12
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Weak formulation

We now introduce the weak formulation of the control problem, following El Karoui
and Tan in [20]. The problem is to find the weak value function vV : D — R,
which we define below. In the weak formulation, the controls will take values in a
set of probability measures, and the dynamics of the controlled martingales will be
described as solutions of a local martingale problem.

Define the space of continuous paths Q := C([0, 00), R?) and denote the set of
Borel measurable functions v : R, — U by B(R,,U). Then set Q = Q x B(R,,U)
and denote an element of Q by @ = (w,u). Define the canonical process X = (X, v)
on Q) by X;(@) = wy, for each t > 0, and v(w) = u. We define the canonical filtration
as in [20]. For ¢ € Cp(Ry x U), s > 0, define

Then define the canonical filtration F = (F;);>0 by
Fii=0{(Xs, My(¢)): ¢ € Co(Ry x U),s <t}, t>0.

Control: Let M be the set of probability measures on the set Q. For each = € D,
let
M, ={PeM: P(X,=2x)=1}.

Dynamics: For z € D, define

1

Poi={PeM,: ¢ (X))~ (Xo) — 5 /Ot Tr (D*¢(X, v, ) ds

is a (F,P)-local martingale for all ¢ € C*(R%)},
and let 7 =inf {t > 0: X; ¢ D}.

Notation. For a process Y, a functional F' of the path of Y, and a probability

measure P on path space, we denote the expectation with respect to P by
E°[F(Y)].
Value function: Define the weak value function vV : D — R by

oWV (z) :meﬂ”[/f Yds + g(X,)| -

PePy

13
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Remark 1.6. A measure P € P, is a solution of a local martingale problem, as
defined in Definition 4.5 of [38, Chapter 5]. As shown in Problem 4.3 and Propo-
sition 4.6 of [38, Chapter 5], there is a correspondence between solutions of a local
martingale problem and weak solutions of an SDE. In our set up, a measure P € P,

corresponds to a weak solution of the SDE (1.3) with initial distribution d,.

We will now show that, under Assumption 1.1, the weak and strong value func-

tions are equal, by refering to Theorem 4.5 of [20].

Proposition 1.7. Suppose that Assumption 1.1 holds. Then the weak and strong

formulations of the control problem are equivalent; i.e. v° = vV in D.

Proof. We apply Theorem 4.5 of [20], which gives conditions for equality of the weak

and strong value functions. Define a function ® : 2 — R by

T(w)
B(w) = / FX(w@)) ds + g(Xr ) (@),

and fix x € D. Then, by Theorem 4.5 of [20], it is sufficient to show that ® is upper
semicontinuous and bounded above by some random variable ¢ that is uniformly
integrable under the family of probability measures P,.

Under our assumptions, f: D — R and g : 0D — R are upper semicontinuous
and so ® is also upper semicontinuous.

Since we have also assumed that f and g are bounded above, we have the bound
O(w) < M71(w) + K =: {(w).

Fix P € P, and let (X, v) have joint law P. Then the process X has unit quadratic

variation, and so by Proposition 1.5, we have the bound
EF[7] < diam(D)? — |z|*.

Hence
EF[¢] < M diam(D)? — |z|° + K < oo,

independently of the choice of measure P. Therefore £ is uniformly integrable under
P
We apply Theorem 4.5 of [20] to conclude that v¥(z) = v (). O

With the result of Proposition 1.7 in hand, we will write v = v = % and

refer to v as the value function. We choose to work with the strong formulation of

14
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the control problem in the following chapters, unless we explicitly refer to the weak

formulation.

1.4.2 Dynamic programming principle

The approach that we take to solving the stochastic optimal control problem defined
above is to use a ‘guess and verify’ method. First, we conjecture an optimal strategy
for a particular problem. We then calculate the value associated to following this
strategy, as a function of the starting point of the controlled process. In this section,
we introduce the dynamic programming principle, which provides a necessary and
sufficient condition for a given function to be equal to the value function. The
dynamic programming principle is a key technique in the study of stochastic control
problems, as described, for example, by Fleming and Soner in Section 7 of [26,
Chapter ITI] and by Touzi in Section 3.2 of [58]. Also known as the Bellman principle,
the dynamic programming principle for stochastic optimisation problems dates back
to the 1952 work of Bellman in [6] and [7]. We will use the dynamic programming
principle in Example 2.1 and Example 2.6 of Chapter 2 to verify that a conjectured
optimal strategy is indeed optimal.

We will also use the dynamic programming principle to derive the HJB equation,
which is a nonlinear PDE that the value function must satisfy in a certain weak sense.
In Chapter 4, we will develop the theory of viscosity solutions and see that this is
the appropriate notion of weak solution in this context. Having proved uniquenss of
viscosity solutions, we will deduce in Theorem 4.20 that a given function is equal to
the value function if and only if it is a viscosity solution of the HJB equation with
appropriate boundary condition. In Section 2.3, we will find it convenient to use
this PDE characterisation to verify a candidate value function, rather than working
directly with the dynamic programming principle.

We now define the dynamic programming principle, following Touzi’s definition
of the classical dynamic programming principle in Section 3.2 of [58].

Suppose that we follow a suboptimal strategy v € U, starting from position
x € D at time 0, up until a stopping time p. Consider the minimum expected cost
when starting from the position at time p, plus the cost accrued up until time p. We
expect this total cost to be greater than the minimum expected cost when starting
from position x at time 0. In the case that an optimal strategy exists and we choose
to follow this strategy, we would expect the above two quantities to be equal. This

means that we expect the value function v to satisfy the following principle.

Definition 1.8 (Dynamic programming principle). We say that a dynamic pro-

gramming principle holds for the value function v if, for any x € D, and for any

15
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stopping time 6 such that 6 € [0, 7] almost surely, v satisfies

0

v(x) = in{{]EI {/ f(X2)ds+v(X])| - (1.5)
o€ 0

Remark 1.9. If there exists an optimal control o* € U, then this is equivalent to

stating that

. t . ) a submartingale, for all o €U,
U(Xt)+/ f(X2)ds is
0

a martingale, for o=o0".

There are many references in the literature where a dynamic programming princi-
ple is proved. For example, Bouchard and Touzi prove a weak dynamic programming
principle in [9] in a very general setup. A dynamic programming principle is also
proved in [26] and [58].

The usual difficulty in proving a dynamic programming principle is that the value
function is not necessarily continuous, as stated in [9]. However, in our case, we will
be able to show a priori that the value function is in fact continuous. We can then

exploit this property to prove the dynamic programming principle directly.

1.4.3 Proof of a dynamic programming principle

In this section, we give a direct proof of the dynamic programming principle (1.5)
for the value function defined in Section 1.4.1.

We first prove that the value function is semiconvex and hence locally Lips-
chitz. We say that a function is semiconvex if it can be transformed into a convex
function by the addition of a quadratic term. We give the following definition of

semiconvexity, as in Section 6.7 of [58].

Definition 1.10. Let A > 0. We say that a function f : R — R is A-semiconvez if
the function f*:R? — R, defined by

Pla)= fa) + 5 laf, e R

1S convex.

Lemma 1.11. Suppose that Assumption 1.1 holds and the domain D is strictly
convex. Then v is 2M -semiconver in D, where M > 0 is such that f < M in D.

Proof. Let xg,z; € D. Consider a martingale starting from a point y on the straight
line connecting these two points; i.e. y = Azxg + (1 — A)zy € D, for some A € (0, 1).

Let € > 0 and define the control o* as follows.

16
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First, define the constant control

1

|171 — o]

o

[azl—xo; 0; ...; 0| eU.

Let W be the first component of the Brownian motion B. Then, for ¢t > 0,

& 1 — To

Xf:y—i— Wt.

|21 — o]

Set of =0 for t < H,,,,, where H,, , is the first hitting time of either x, or ;.
The controlled process X° runs as a Brownian motion on the line connecting the
points xy and x; until hitting one of these points.

For i € {0,1}, let 0% € U satisfy

o(zs) > B [ / AT ds + g(X7)| — e
0

After the first hitting time of xy or x1, we set the controlled process to follow one
of these e-optimal controls, choosing ¢%¢ if the process hits xy before z;, and o€
otherwise. By construction, we have that o* € U.

Let us write H,, for the first hitting time of zy and H,, for the first hitting time
of x;. We can condition on the value of the controlled process at the hitting time
H,, .+, to find that

v(y) < E [ / F(XT)ds +g<xs*>}
0

< ME[Hy, ) +E [/ F(X$7) ds} PV [H,, < H,|

0
+E™ [ / ) ds] PY[H,, < Ha,) +EY [g(X2)]
0

= MEY[H,, 0] + E® { / CRXS) ds + g(X;f“‘E)] PY[H,, < H,,]

0

v | [ s 4 9002 | P, <
0
< MEY[Hy, 2] + v(xo)PY[Hyy < Hyy| 4+ v(xy)PY[Hy, < Hyyl + 26,
using the upper bound on f and the definition of the e-optimal controls o= and

o1, Calculating that
PY[H,, < H.] =\,

17



1.4. PRELIMINARIES

and
Ey[on,xl} = A |y - 370‘2 + (1 - )\) |QZ1 - y’2
< Maol + Ay + (1= X) [z + (1= )y
= Xazol* + (1 = M) [z ]* = |y,
we find that

v(y) < M (Maol* + (L= A |z |* = [y[*) + M(zo) + (1 — Nv(ar) + 2.
So, taking the limit as ¢ — 0, we have
v(y) < M (Mo + (1= A) 21| = [y[?) + M(zo) + (1 — Mv(zr).

Therefore

o(y) + M lyl” < M (Azol” + (L= A) |21]") + Mo(zo) + (1 = AJv(z1)
= A (v(zo) + M ]a:0|2) +(1=A) (v(z1) + M ]a:1|2) :

This shows that the map = — v(z) + M |z|® is a convex function. Hence v is

2M-semiconvex, as required. O

Remark 1.12. In particular, in the case that the cost function f is negative, we
have shown that the value function v is convex. An intuitive justification for this
is that, since it is favourable at any point x € D to run on for a short time ¢, we

expect
E*[o(Xy)] < vlz) = v(E*[X]),

by the martingale property of X. Appealing to Jensen’s inequality, this suggests
that v should be convex.

If f is bounded above by some M, then running on for a short time ¢ has a cost
of at most M¢t. By the unit quadratic variation condition, the process ¢ — | X;|* — ¢

is a martingale, and so we expect

E2[v(X;) + M | X, )] = E*[u(X,)] + Mt
< v(z) = v(E*[Xy])
< v(E*[X]) + M [E[X][,
using the martingale property of X in the penultimate line. Referring again to

Jensen’s inequality, we then expect the map z — v(z) + M |z|* to be convex.

For unbounded f, there is no reason to expect any convexity result for v, as

18



1.4. PRELIMINARIES

running on for even a short time could incur an unbounded cost.

Suppose now that v(z) > —oo for all # € D. Then Theorem 10.4 of [52] tells us
that when v is convex, v is locally Lipschitz. In fact, we will see that semiconvexity

is sufficient to show that v is locally Lipschitz in D.

Corollary 1.13. Suppose that Assumption 1.1 holds, D 1is strictly convex, and
v(x) > —o0 for all x € D. Then v is locally Lipschitz in D.

Proof. By Lemma 1.11, we have that v is 2M-semiconvex in D, for M > 0 such
that f < M in D; i.e. the function v™ : R? — R, defined by v™(z) = v(x) + M |z|?
is convex in D. Then, since the condition v > —oo implies that v > —oo, we can
apply Theorem 10.4 of [52] to see that v* is locally Lipschitz.

It is also known that @ — |2|* is locally Lipschitz. Therefore, since
v(z) =vM(z)— M|z|>, zeD,

v is locally Lipschitz in D. O]

Remark 1.14. In the proof of continuity, we exclude the case where v takes the
value —oo at some point. In this case, since we have a finite boundary condition,

we would not expect the value function to be continuous on the whole domain.

Remark 1.15. Touzi gives an intuitive justification of the dynamic programming
principle in Section 3.2.1 of [58], which we adapt here. We note that continuity
of the value function enables us to make this argument rigorous. In particular, we
know a priori that v is measurable and equal to its upper and lower semicontinuous
envelopes. Moreover, the value function does not depend on time, and is of the
form considered in Chapter 2 of [58] with coefficient k¥ = 0. These properties further
simplify the proof.

We now prove the dynamic programming principle under the following strength-

ening of Assumption 1.1.

Assumption 1.16. Suppose that Assumption 1.1 holds and, moreover, the domain

D is strictly convex and the value function v satisfies v(z) > —oo, for any x € D.

Proposition 1.17. Suppose that Assumption 1.16 is satisfied. Then the following
dynamic programming principle holds.
For any x € D and for any stopping time 0 such that 6 € [0, 7] almost surely, v

satisfies

o(z) = inf E* er FX7)ds +0(X2)] . (1.5)

veu
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Proof. Under the stated assumptions, we have that v is continuous by Corollary
1.13.
Define Z: D xU — R by

Z(a) = | [ f0as 4 g0
0
for each x € D and v € U, so that
v(z) = irelszI(m’ V).

Fix z € D and v € U. Let 0 be a stopping time such that § € [0, 7] almost
surely, and fix w € €). By an argument similar to that in the proof of Proposition
5.4 of 9], there exists a control 7% € U such that

E* {/OT f(XY)ds + g(XY) ‘ f@(w):| = /09(‘“) FXY)ds + T (Xj (W), 7¥)
> /OQ(W) FXY) ds 4 v (X5 (@) -

Then, by the tower property for conditional expectation,

I(z,v) > E* erf(xg) ds+v (Xg))} .

By Assumption 1.16 and Corollary 1.13, the functions f, g and v are measurable,
and so the above expressions are all well-defined. Taking the infimum over v € U

on both sides yields

o) 2 i [ [ s as o)

To prove the inequality in the other direction, fix an arbitrary u € U and € > 0.
We wish to take v* € U such that

I(Xy v°) Su(Xy) +e,

and v* = p on [0, 0]. However, it is not clear a priori that there exists such a v that
has the required measurability properties. We will return to this issue of measurable

selection below.
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Supposing that we can take such a v¢, then

o(z) < I(z, 1) = 7 {/Oef(X;’E) ds + T(XY, ys)}
<E’ [/Oef(Xg‘)ds + U<Xg‘)] te.

If we now take the supremum over all 4 € U and let ¢ — 0, we get

o(z) < inf E” Uoof(xg) ds + v(xg)] |

neu

Since we know a priori that v is continuous, by Corollary 1.13, we are able to make
the required measurable selection argument directly. For any x € D, continuity of
v implies that there exists 0(z) > 0 such that

v(x) > o(y) — %’ for all y € Bsw (). (1.6)

Since D is open, we can choose d(x) sufficiently small that

Bé(z)% (x) cD
Moreover, fix
¢ := sup E[7],
£ebD

and note that ¢ < diam(D)? < oo, by Proposition 1.5. Now choose §(x) sufficiently

small that

€
< Al. 1.7
~ 3(c+2)M + K] (1.7)

N

o(x)

Note that we have the following open cover of D C R%:
D C U Bg(@(ﬂ?).
xzeD

There is then a countable subcover given by

D c | Bs,(xa),

aeN

for points z,, € D and radii §, = d(x,) > 0, indexed by a € N.
Fix w € Q. For t < §(w), let v§(w) = p(w). For t > O(w), vf must depend on

the position of the controlled process at the stopping time #(w), which we denote
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z = Xg(gw)(w).

Since the set {B;, (z,): @ € N} is a countable cover of D, we have that z €
Bs, (z4), for some fixed & € N. Let us denote § = §, for convenience in what
follows, and define 1 := ¢ 7,

Note that B,(z,) C D, and define H,, to be the hitting time

H, :=inf{t > 0: X" € OB, (z4) U{z.}}.

Define
n 2 — Xy
o= —,
|z — x4
and let
oc=lo'; 0; ...; 0| € R

Set vf(w) = o for t € [f(w), H,]. Then the controlled process X~ moves on the
straight line connecting z to z, until either hitting z, or leaving the ball B, (z,).

We now calculate the probability p of hitting =, before leaving the ball of radius
n. Define A := |z — z,|. Then

To =2 — Ao,

and the vector ¢! intersects the boundary of the ball of radius 1 at the point
y=2+n—ANo.

We now have
ZTo, with probability p,

X, = | N
y,  with probability 1 — p.
We can calculate the hitting probabilities

- A A0
p=——<1 and 1—p:—<—:5%, (1.8)
n non

noting that A = |z — x| < . The expected hitting time is then
E*[H,] = (1—p)(n— )" +pA*

< (L= p)n® +p\® (1.9)
<o+ 6% =62 + 62

The bound (1.7) on § then implies that the process hits x, with high probability in

a short time.
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Let v=% be an -optimal strategy starting from x,, so that
o €
(o, v7%) < v(z40) + 3 (1.10)

If, at the hitting time H,, we have X }}En = 1,, then set the controlled process X"
to follow the control v=® from this time onwards. Otherwise set X*° to follow the

constant control vy = o, for t > H,. We can then write
2e) =B | [ 7 as o+ g(x)
0

x|
0

w-p | [ remas+ o]

Hy

£(X9) ds] T pE" [ / FXP) ds 4 g(X0)

We now bound this expression term by term. Making use of the estimate (1.9) on
E?[H,], along with the upper bound f < M from Assumption 1.16, we see that the
first term is bounded by

E- { YR ds} < ME[H,
0
< M(57 + 82).

Using the estimate (1.8) on 1 — p, and the upper bounds f < M and g < K from
Assumption 1.16, we see that the final term is bounded by

(1= p)EY [ [ reeyas +g<X¢>} < (1 - p) (ME'[r] 1 K)
< 62(cM + K),

recalling that ¢ = supgcp E¢[7].
Combining the bounds on these terms, and using the fact that p < 1, we have
that

I(z,v°) < Ko { / FXTYds + g(X2) | + M52 + 6%) + 02 (cM + K) 1)
0 1.11
= T(Ta, V°°) + M(62 + 6%) + 67 (cM + K).
Now, by the bound (1.7),

M(5% +6%) + 62(cM + K) < 8% [(c+ 2)M + K] <

Wl ™
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Inserting this bound into inequality (1.11), together with the property of v=* from
(1.10), we get

I(z,0°) < I(To, V™) +
_l’_

Wlmw|m

£

< —

<v(zy) + 3
From the property of ¢ in (1.6), we also have that

v(za) < v(=) + <,
since z € Bs(z,). Hence
I(z,0°) <wv(z)+e.

Note that the strategy v defined in this way depends only on the index «, for
which Xg)(w) € Bs,(x,). Since the cover of D made up of balls of this form is
countable, we conclude that the strategy has the required measurability properties.

m

Having proved that the dynamic programming principle holds, we now go on to

derive the Hamilton-Jacobi-Bellman equation.

1.4.4 A Hamilton-Jacobi-Bellman equation

The control problem defined in Section 1.4.1 is associated to a second order PDE
known both as a Hamilton-Jacobi-Bellman (HJB) equation and a dynamic program-
ming equation, as described in Section 3.3 of [58] and in Section 7 of [26, Chapter
VII]. Specifically, we expect the value function v to satisfy the boundary value

problem
—Linfoey Tr (D?voc’) = f, in D,
3 infoer T ( )=/ (1.12)
v =g, on 0D,
where D?v is the Hessian of v. The HJB equation in (1.12) is a fully nonlinear
degenerate elliptic PDE.

In general,we expect v to solve (1.12) in the viscosity sense, as defined in Chap-
ter 4. Here, we impose sufficient smoothness conditions on the value function v and
the running cost f such that v should be a classical solution of the HJB equation
in (1.12). We will demonstrate the subsolution property below and, under further

assumptions on the domain, we will show that the boundary condition is satisfied.

Notation. For a twice continuously differentiable function u : D — R, we denote

24



1.4. PRELIMINARIES

the gradient Du and the Hessian D?u.

Suppose that Assumption 1.16 holds and, moreover, that v is twice continuously
differentiable and f is continuous. Under these conditions, we will show that the
value function v is a classical subsolution of the HJB equation in (1.12), following
the proof of Proposition 3.4 of [58].

Fix x € D, let ¢ € U and define X? to be the process following the constant

control that is equal to o; that is
X =x+0B, t>0.

Under the assumption that v is twice continuously differentiable, we can apply Ito’s
formula to find that

1
dv(X?) = Dv(X7)o dB, + 5 Tr (D*v(X])oo ") dt. (1.13)

Fix some § > 0 such that Bs(z) C D, define 6 := inf {t > 0: X7 ¢ Bs(z)}, and set
0n, = 0 A h, for any h > 0. Note that 8, = h for all h sufficiently small.

Under Assumption 1.16, the dynamic programming principle (1.5) holds by
Proposition 1.17. Since v(X/) satisfies (1.13), we have

o [% / @ Tr (D*(X7)oo ) + f<x:>) dt} - ZE* L(xg’h) [
—u(z)

207

x|

where the inequality is a consequence of the dynamic programming principle (1.5).
We can then use the mean value theorem and the dominated convergence theorem

to take the limit as h — 0. By continuity of f, we conclude that
1 2 T
3 Tr (D*v(z)oo ") + f(z) > 0.
Taking the infimum over o € U, we have

L. 2 T
- Eiglijr (D*v(z)oa") — f(z) <0.
Hence v is a classical subsolution of the HJB equation in (1.12).
As noted by Touzi before Proposition 3.5 of [58], the proof that v is a superso-
lution is more technical, and we do not present a proof here. In Theorem 4.20, we

will prove that v is a viscosity solution of (1.12) under weaker conditions. In the
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case that v is twice continuously differentiable, this result implies that v is also a
classical solution.

We now show that, under additional assumptions on the domain, the boundary
condition is satisfied. In Section 4.5, we will show that the boundary condition
is satisfied under weaker conditions. We take the following definition of a regular
boundary point from Definition 9.2.8 of [46]. Define a process X on the domain D
and denote 7 := inf{t > 0: X ¢ D}. We say that a point a € 9D is regular for X
if P*[r =0] = 1.

Suppose that, for each control v € U, all points a € 0D are regular for the
controlled process X”. Let a € 0D. Then

veld

= inf E* [9(Xp)] = g(a).

v(a) = inf E° [ | s g

Therefore we have the boundary condition
v=g on OD.

In practice, we do not expect v to be continuously differentiable, even for continu-
ous cost functions f, so we cannot expect v to be a classical solution of the boundary
value problem (1.12). In Chapter 4, we introduce viscosity solutions, which are the
appropriate notion of weak solution for this context. We state the main theorem of
Chapter 4 here, as we will apply this theorem in the following chapter before giving
the proof.

Theorem 4.20. Suppose that Assumption 1.16 holds, and suppose further that the
domain D is uniformly convex, the running cost f is continuous in D, and the
boundary cost g is uniformly continuous on 0D.

Then the value function v : D — R defined in Section 1.4.1 extends continuously
to D and is the unique viscosity solution of the HJB equation

i inf Tr (DQUUO'T) —f=0

ocU
in D, with boundary condition

v=g on OD.

This theorem provides a necessary and sufficient condition for a candidate func-

tion to be equal to the value function.
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In Chapter 2, we make some additional assumptions on the structure of the
problem that allow us to find an explicit expression for the value function, using

Theorem 4.20 to prove optimality.
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CHAPTER 2

STOCHASTIC CONTROL OF MARTINGALES IN A
RADIALLY SYMMETRIC ENVIRONMENT

In a radially symmetric environment, we are able to find an explicit solution to
the control problem for martingales with unit quadratic variation. We construct
the value function by reducing the control problem to a one-dimensional switching
problem between two regimes, and we observe continuous and smooth fit properties
at the switching points. For continuous cost functions, we prove optimality by
referring to the theory of viscosity solutions for the associated Hamilton-Jacobi-
Bellman equation. We extend this result to cost functions that may become infinite
at the origin. We also introduce a Markov formulation of the control problem and
show that this is equivalent to the strong and weak formulations, with a possible

exception depending on the growth rate of the cost function at the origin.

2.1 Introduction

Let d > 2 and R > 0. Define the domain to be the open ball about the origin with
radius R, which we denote D = Br(0) C R% Throughout this chapter, we work on

the domain D and consider cost functions f : D — R of the form

f(z) = f(lz]), =€ D,

for some f : [0, R) — R. We call a function f of this form radially symmetric. In
this chapter, we consider the control problem defined in Section 1.4.1 for radially
symmetric cost functions f with a constant boundary cost g.

When f is monotonically increasing, we will see that an optimal strategy is for
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2.1. INTRODUCTION

the controlled process to run as a one-dimensional Brownian motion on the radius
that passes through the current position. We will define such a process as radial
motion in Definition 2.7.

On the other hand, when f is monotonically decreasing, we will see that any
strategy under which the radius of the controlled process increases deterministically
is optimal. This behaviour can be achieved by choosing to move in a direction
orthogonal to the current position. Denoting by =" a vector orthogonal to x €
R?\ {0} with the same magnitude, an example of such a process is a solution of the
SDE

dX; X 0 ---;0] dB,. (2.1)

X
We will define this process as tangential motion in Definition 2.3. The fact that
solutions of the SDE (2.1) have deterministically increasing radius has been used,
for example, by Fernholz, Karatzas and Ruf in [25], and by Larsson and Ruf in [41],
to study a problem of relative arbitrage. In Proposition 3.21 we will derive a more
general form of SDE whose solutions exhibit the same property.

We will find that switching between the two regimes of radial motion and tan-
gential motion is optimal for a large class of radially symmetric cost functions. In
Section 2.3.1, we give a heuristic argument for reducing the control problem to a
one-dimensional switching problem for the radius process. By considering the gen-
erators of the radius processes corresponding to radial and tangential motion, we
find ODEs that the expected cost should solve under each of the two regimes. We
derive conditions for identifying the optimal switching points in Section 2.3.2. When
switching into the diffusive regime of radial motion, we impose a smooth fit condi-
tion. At the points of switching into the deterministic regime of tangential motion,
however, we only need to impose continuous fit. Nevertheless, these switching points
exhibit the smooth fit property. We discuss this phenomenon in Section 2.3.4.

In Section 2.3.3, we use the switching points that we have identified to solve
a system of ODEs and construct a candidate for the value function for a radially
symmetric cost function. Under regularity conditions on the cost function given in
Assumption 2.11, we prove optimality of the candidate value function in Proposi-
tion 2.15. In particular, we assume that the cost function is continuous, so Assump-
tion 1.1 is satisfied and the weak and strong value functions are equal by Propo-
sition 1.7. To verify that the value function is equal to our candidate, we show
that the candidate function is a viscosity solution of the Hamilton-Jacobi-Bellman
equation

— 1 inf Tr (D2uaaT) =f, in D,

2 ocU
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2.2. OCCUPATION TIMES

with boundary condition u = g on dD. We then appeal to Theorem 4.20 to see that
the value function is the unique viscosity solution of this boundary value problem
and is therefore equal to the candidate function. We will introduce the required
theory of viscosity solutions and prove Theorem 4.20 in Chapter 4.

In Section 2.4, we relax the regularity conditions on the cost function. In particu-
lar, we allow the cost function to become infinite at the origin. In this case, equality
between the weak and strong value functions is no longer guaranteed a priori. We
show in Theorem 2.30 that the weak and strong value functions do coincide and
take the same form as the candidate that we constructed in Section 2.3.3. We also
find growth conditions under which the value function remains finite while the cost
function becomes infinite. We identify a regime of moderate growth to infinity at
the origin where we require results on Brownian filtrations from Chapter 3 in order
to complete the proof of Theorem 2.30.

Finally, we introduce Markov controls in Section 2.5. We show that, under cer-
tain growth conditions on the cost function, the Markov formulation is equivalent to
the strong and weak formulations of the control problem. In the regime of moderate
growth mentioned above, we conjecture that there is a gap between the Markov
value function and the strong and weak value functions at the origin. This con-
jecture is based on the fact that (2.1) has a weak solution but no strong solution
starting from the origin. We prove this fact in Chapter 3, where we also discuss the
conjecture further.

We begin this chapter by considering two simple examples of minimising and

maximising the expected time spent in a ball about the origin.

2.2 QOccupation times

Fix R > 0 so that the domain is D = Br(0) C R%.
We first consider the following example of minimising the expected time spent

in a ball about the origin.

Example 2.1. Let p € (0, R), define f: D — R by

0, |z[<p,
_17 ’Q?‘ € (pvR)a

and fix the boundary cost g = 0.
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2.2. OCCUPATION TIMES

We seek the value function

v(z) = inf E [/ F(X7) ]=;Q£E [/ﬂ —Lyxzie,my ds| -

That is, we wish to maximise the expected time that the radius process | X?| spends
in the interval (p, R).

Figure 2.1: Cost function for Example 2.1

Since the problem is radially symmetric, we expect the value function v to depend
only on the radius. In fact, in this example and the example that follows, it will
be convenient to work with the squared radius of any controlled process. We now

derive an SDE for this squared radius process.

Lemma 2.2. Let x € D, 0 € U, and define X by the stochastic integral
t
Xt":x—l—/ o,dB,, t>0.
0

Define the squared radius process Z° by Z7 = |Xt"]2, t > 0. Then Z° satisfies the
SDE
dz? = 2X,"0,dB, + dt, (2.2)

with initial condition Z5 = |x|°.

Proof. We apply Itd’s formula to the function ¢ : D — R defined by g(z) = |z|?, for
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2.2. OCCUPATION TIMES

all z € D. For any t > 0, Itd’s formula gives

1
dZ7 = dg(X,) = Dg(X,) " dX; + 5 Tr(D*g(Xi)ovo, ) dt
=2X"0,dB, + Tr(o,0,) dt
= QXTO't dBt + dt,

using the constraint that o; € U. O]

We conjecture that, at the boundary {x € D: |z| = p}, any optimal control
for Example 2.1 must enforce motion tangential to this internal boundary. We now

define a process that exhibits this behaviour.
Definition 2.3 (Tangential motion). For € D \ {0}, define

1
o'(z) := ol ot 0; ---; 0] R (2.3)
x
where 21 denotes any x € R?\ {0} such that 272t = 0. Fix z € D\ {0} and
suppose that X s a strong solution of the SDE

dX; =o%(X,)dB,, X,=x.

For t > 0, define

0._ 0/yo°
o, =0 (X]

),

so that .
X7 = x—l—/ 0% dB,.
0

We say that the process X o follows tangential motion.

Note that ¢°(0) is not defined. We investigate the existence of a process following
tangential motion at the origin in Chapter 3.
For ¢° defined in Definition 2.3, we can find a formula for the squared radius

process Z°" via Lemma 2.2, as follows.

Lemma 2.4. Suppose that X follows tangential motion, as defined in Defini-
tion 2.5, with X§ =g # 0. Then the radius process is deterministically increasing

and, for anyt >0,
2

79" = ‘Xfo = |z| + .
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2.2. OCCUPATION TIMES

# 0, we see that

T 1 T 1
(Xf()) a?:—‘XUO‘ [(X;’o) <Xfo) .0, ..., 0]:[0, o]
t

Therefore, by Lemma 2.2, Z°" satisfies

Proof. For t > 0, provided that ‘Xf ’

4z’ = dt.

Let € = |z> # 0, so that ZJ' = ¢. Then Z° is the deterministically increasing
process given by

Zy = ¢+t
for t > 0. ]

As a consequence of the above lemma, supposing that Xg“ # 0, we have that
e

away from the origin. Note that, for d > 3, a control of this form is not unique,

> 0 for all + > 0. Therefore the control " is well-defined when starting

since the orthogonal vector in the definition of ¢° can be chosen as any element of
a (d — 1)-dimensional subspace.

The observation that the process X' has deterministically increasing radius was
made by Fernholtz, Karatzas and Ruf in Section 6.2 of [25] and again by Larsson
and Ruf in Section 4.2 of [41], where they consider a problem of relative arbitrage.

In Figure 2.2, we show a simulated trajectory of a process following tangential

motion in dimension d = 2. We note that a similar simulation is produced in Figure
2 of [41].

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.2: A sample path of a process (X¢" )0 following tangential motion in
dimension d = 2 and its radius

Having defined tangential motion and proved a key property of this process, we
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2.2. OCCUPATION TIMES

now construct a candidate for the value function in Example 2.1.
Fix £ > p?. Then we conjecture that the control 0¥ defined in Definition 2.3 is
optimal, and we compute the expected cost

B | [ Lypfein }

{Za p2,R2)} ds

Tiseo,r2—¢)y ds

H
\\,_,

:5—32.

Now suppose that & < p?. This includes the case where the process starts at the
origin, where the control ¢ is not well-defined. However, since the cost is zero in
the ball {z € R?: |z| < p}, we will see that any strategy is optimal in this region.
For a fixed r € (v/€, p) and an arbitrary o € U, define the control ¢* by

Ot, |Xf*‘ <,
o), |X7| € R).

Then we compute the expected cost

= UO 1y xo* |eoR)) ds} =E* [/O —L{ 257 (o2, r2)) ds]
= ET |:/0\ _1{Zg0€(p2,R2)} dS:|

=- / Lse(or-¢.r2—gy ds
2¢

R2
= —/ ds
02

ZpQ—RQ.

This calculation gives us a conjecture for the value function in Example 2.1.
Using the Ito-Tanaka formula, we will show that our candidate function satisfies
a dynamic programming principle, as described in Section 1.4.2, and we can then

deduce that this function must be the value function.
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2.2. OCCUPATION TIMES

Proposition 2.5. Let w : [0, R?) — R be defined by

2 2 2
p-— R ) 5 < p
w(§) =
§_R27 66 (p2aR2)a
and define T : D — R by 5(z) = w(|z|?), for z € D. Then the value function for

Ezxample 2.1 is given by v =.

Figure 2.3: A possible trajectory for an optimal strategy in Example 2.1

Proof. We first show that v satisfies the form of the dynamic programming principle

given in Remark 1.9.

Define f : [0, R?) — R by

f(g) = _]l{fe(pz,Rz)}a 5 € [O7R2)7

so that
fx) = f(lz]), =eD.

We seek to prove that w(Z7) + fo Z" ds is a submartingale for all ¢ € U, and
that w(Z7") + fo ")ds is a martingale for an optimal strategy o* € U.

Let 0 € U. We note that w is not continuously differentiable at £ = p?, so we
apply the Ito-Tanaka formula to write down an SDE for w(Z7). Recall that the
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2.2. OCCUPATION TIMES

[t6-Tanaka formula, given for example in Theorem 1.5 of [51, Chapter VI] states
that, for all t > 0,

t 1 R?
w77 =) = [w(z)azs+g [ rpe o)

where
— w’_ is the left derivative of w, which exists everywhere;

— w”(da) is the distributional derivative of w’ ; i.e. the measure on R such that,

for all £ € [0, R?),
13
W (€) = / o (da);

—00

— L7 is the local time spent at a by the process Z? up to time t.

We calculate that

0, for &< p?
1, for &€ (p’, R,
and
w"(da) = 0,2(a).
Hence, by the It6-Tanaka formula,

t
. o 1 2
w(Z]) —w(§) = /0 Tizo5p2 dzg + éLt’p

t

t
1
= 2/ Lize>,2y X, 0, dB, +/ Lizgspeyds + §L37p2’
0 0

and so

t t t
W(Z7) — w(€) + / f(z7)ds =2 / Liseo iy X 0udB, + / L oo ds
0 0 0
1 0,02 t
+ §Lt7 — ]I{Zg>p2} ds (24)
0

t
1
= 2/ ]l{Zg>p2}X;r0-S dBS + §Lf7p2.
0

Since local time is always non-negative, we have shown that

w(Zg) + / F(22) ds
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is a submartingale for any o € U.

Now we note that, for any o € U,
U(X7) = w(Z]) = w(R*) =0,

by continuity of the paths of X?. Therefore, we can use the submartingale property
and the optional sampling theorem to find that

e[ 0] [
=t [ [ Fas v wizz)]

Now, supposing that & # 0, consider the control o* = ¢°, so that Z7" = £ + t,
for any ¢ > 0. For £ € (0, p?], we have

Ef [_/0 L{zg e} ds} - _/0 Lse(p—eng)) ds
= p2 — R2 - w(é)

For € € (p?, R?), we have

5 B T o T
E |: A ]l{Z‘S’*G(pQ,RQ)} d8:| = A ]l{Zg*e(g,RQ)} ds
=- /0 Lise(o,r2-g)y ds
—£- R*=w(®).

In the case that £ =0, fix r € (0,p) and ¢ € U, and take

Ot, |Xf*‘ <,
a?, |Xf*‘ € [r,R).

Then
0 ! R nld !
E |:— /0 1{Zg*e(p2,R2)} d8:| =E [— /0 ]l{Zg*E(PQ’RQ)} ds

=- / Lise(pz—¢ p2-¢)) ds
0

= R? — p* = w(0).
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We conclude that, for any x € D,

o(a :mf]EwV F(XO) ds}—v()

ocU
Hence the conjectured function v is indeed the value function. O

We now turn to a second example of maximising the expected time spent in a

ball around the origin.

Example 2.6. Fix p € (0, R), define the cost f: D — R by

—1
fla)=1q
07 ‘x| e [p7 R)’

2| <p

and fix the boundary cost g = 0. We seek the value function

v(x :;IG%E {/ F(X7) }:;EE{E [/0 —]l{|Xg<p}ds}.

That is, we wish to maximise the expected time that the martingale spends in the

ball B,(0).

Figure 2.4: Cost function for Example 2.6

We propose that an optimal strategy is to run as a Brownian motion on the

radius of the domain. We now define a process that follows this strategy.
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Definition 2.7 (Radial motion). Define a function o' : D — R by

o) = ﬁ[w 0; -+ 0], x 70, 25)
[61; 0; -« 0}, xz =0,

where e; is the unit vector in the first coordinate direction. Fix 2 € D and define

o' to be the constant control given by o} = o(z), for all t > 0. Define X°' by
L t
X7 :x+/ ordB, =z + o' (z)B;, t>0.
0

We say that the process X o' follows radial motion.

A simulated trajectory of a process following radial motion, along with the sample

path of its radius, is shown in Figure 2.5.

0.0 0.1 0.2 0.3 0.4 0.5

Figure 2.5: A sample path of a process (X? )i following radial motion in dimension
d = 2 and its radius

Let W be the first component of B, and note that W is a one-dimensional

1

Brownian motion. Then, defining o' as in Definition 2.7, we see that, for x # 0,

t
Xglzg;+/ aist:I—l-Wti,
0

|

and, for x = 0,
X7 = We.

= ||z| + W4/, and so
E” ' . P =Ell |- " Ly,
o {|x7" <o} . Wie(=pp)}| >
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where 7 = inf {t > 0: |W;| = R}.
We can compute this expected cost by using the Green’s function for one-

dimensional Brownian motion, using the results that we summarise in Appendix B,

as follows.

The scale function s and speed measure m, as defined in Definition B.1 and

Definition B.3 respectively, are given by

S(y):y—c, yGR,

for some constant ¢ € R, and

/ m(dy) = 2 / dy.

Hence the Green’s function G on the interval [—p, p|, as defined in Definition B.4,
is given by
(WHR)B—r)
Gy =4 o
(r+R)(R—y) .
or . 0 Y=T

We can now apply Proposition B.5, which tells us that

TR P

p

For |z| > p, we calculate

/G|x|y (dy) = _||/ y+ R)d

=2p |z — 2pR,

and, for |z| < p,

o]
/ G(lz|,y)m(dy) = RR| I/ (y+ R)dy
+

R—|z] (1 2
= (50~ ) - Rlal - o)

|+ R (1
LR (5 = 1al?) + Rl - R)
= [a[* + p* — 20R.

40



2.2. OCCUPATION TIMES

This gives us a candidate for the value function in Example 2.6. Again, we present
this function in terms of the radius squared. We can then apply [t6’s formula, using

the SDE for the squared radius process that we derived in Lemma 2.2.

Proposition 2.8. Let w : [0, R?) — R be defined by

§+p* =2pR, < p?

£) =
e 2067 — 2pR, £ € (p?, RY),

and definev : D — R by v(x) = w(|z]?), for & € D. Then the value function for
Example 2.6 is given by v = 7.

Notation. Throughout this thesis, I denotes the d-dimensional identity matrix.

Proof of Proposition 2.8. Again we will show that v satisfies the form of the dynamic
programming principle given in Remark 1.9.

Note first that w is continuously differentiable and twice piecewise continuously
differentiable, with

1, <p?
W(€) = 1 §<p
p 2, £ e (p?, R?),
and
0, < p?
w(€) = $=r

—30E72, EE (P RY).
Hence we can apply It6’s formula to w(Z?), for any o € U, recalling that Z7 = | X7|*.
Let Z§ = £ € [0, R?). Then, for t > 0,
t t L
w(Z) =) = [ Lizrem dZ3 4o | Vgreypron(2)7 427
0 0 (2.6)

t
P o\—32 o
_Z/O ]I{de(pz,Rz)}(Zs) 2d<Z >s-

Substituting in the SDE (2.2) for Z7, we find that there is a square-integrable
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martingale M? such that

t t t 1
w(ZtU) — w(f) = / dMSU + / ]l{Zggp2} ds + p/o ]l{de(p27R2)}(Zg)7§ ds
0 0

t
_3 P
— p/ ]l{de(pz,R%}(Zg) 2 Ty (XS XS TUSU;I—) ds
0

_ /Othﬂs - /Otf(X;’)ds

t
+ ,0/ Lyxeepry X7 Te (| X121 — XIX ] 040 ) ds.
0

Noting that the matrix |a:]2 I — za" is positive semi-definite for any = € R?, we see

that the final integral in the above equation is always non-negative, and so

B(X7) + / £(X2) ds

is a submartingale for any o € U.
Now take o = o' and let W be the first component of the Brownian motion B.
Then from the SDE (2.2) for the squared radius process, we see that Z := 7% is a

one-dimensional squared Bessel process satisfying
dZt — 2\/ Zt th "’ dt

Substituting this SDE for Z into our calculation (2.6), and defining X := X', we
find that there is a square-integrable martingale M such that, for any ¢ > 0,

wlz)—wle) - [ L, + /

t
- g/ ]l{Zse(p2,R2)}Zs '4Zs ds
0

:/Oths—/OtﬂXs)ds-

Hence v(X;) + fg f(X,)ds is a martingale.
By the optional sampling theorem, we see that, for any o € Y and = € D,

t

t 1
Liz,<p2yds + p/ Lz, 21 4s * ds
0

_3
2

o) < B o) + [ 7 as
w4 | [T roeas) < | [ o
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by the submartingale property. Similarly, by the martingale property for X = X',

[ el
re) =g [ sexpa]

as required. O

Therefore

For the step cost functions considered above, optimal controls involve tangential
and radial motion, as defined in Definition 2.3 and Definition 2.7, respectively. In the
next section, we will show that the controls corresponding to tangential and radial
motion are optimal for sufficiently smooth monotone cost functions. We will apply
the results from the above examples to find the value functions for these monotone

costs.

2.2.1 Examples with monotone costs

For a sufficiently smooth cost function f : D — R, and for any z € D, we can write
(2.7)

expressing the cost in terms of an indicator function. When the cost function is also
monotone, we can then apply the results from Example 2.1 and Example 2.6 to find
the value function, as we show in the following results.

We first show that radial motion is optimal for increasing costs.

Proposition 2.9. Suppose that f is a continuously differentiable increasing function
with f(O) = 0. Then the control o*, as defined in Definition 2.7, is optimal and the

value function v is given by

v(xz) =E* {/OTf(X;ﬂ)ds} +g:2/|j/0rf(s)dsdr+g, x € D.

Proof. Fix x € D and r € (0, R). Note first that, as shown in Proposition 1.5,
E*[r] = R? — |z|* for any o € U.

From Proposition 2.8, we know that the control o' is optimal for an increasing
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step function, and so for any o € U,

o U Lixel>r dS} = E*[r] + E* U —Lgxgi<ry dS}
0 0

> E*[7] + inf E® {/ —Lygxv)<r) ds}
0

veu

= inf E* |:/ ]1{‘Xu|>,.} dS}
veld 0 o=

= [ rs]

(2.8)

Since f is continuously differentiable, we can write f as in (2.7). Therefore, for any

oceu,

. UOT f) ds} -E UOT /OR Lixezn f'(r) dr ds}
- /oR FrE UOT Lgxgi>r) dS} dr,

using the fact that f’ is bounded to exchange the order of integration. Now, since

f' > 0, the inequality (2.8) yields

e[ [l 2 [C7eE [ o] o

—E° / 7 (Xg ds]
()
This shows that

/f [/ “{\Xal|>}d3}dr+g
= (7~ ) S0 + [ O [

Substituting in the value function from Proposition 2.8, we calculate that

}ds] dr +g.

~ LA ||
v(x) = (R2 — |x]2) f(R) — 2R/0 rf(r)dr+2 |$|/0 rf(r)dr
R

el (R) = FGa)) + [ F0)ar+g

|z

(2.9)
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We can apply integration by parts to get

— 2R /R rf'(r)dr = —2R?f(R) + 2R /R f(r)dr,
0 0

and
||

. . ~
2IJCI/ rf'(r)dr = 2[al® f(lz]) = 2]« [ F(r)dr.
0 0
Now applying integration by parts twice, we see that

R 5 B 5 R B
/ T = B ()~ af (a]) 2 /| f)an

=l _

=R2f(R)—IIICIQJE(ISJED—?R/0 flr)dr+2|z| i fr)dr

+2/|:/0Tf(s)dsdr.

On substituting these expressions back into our calculation of the value function in
(2.9), all but one of the terms cancel and we find that

v(a:):Z/:/Orf(s)dsdr—i-g,

as required. O

We now show that, away from the origin, tangential motion is optimal for de-
creasing costs. We exclude the origin here, since we have not found a control starting
from the origin that is optimal for all values of p in Example 2.1. In Section 2.3,
when we treat more general radially symmetric costs, we will be able to find the
value function at the origin. We will address the issue of the existence of optimal

strategies starting from the origin in detail in Chapter 3.

Proposition 2.10. Suppose that f is a continuously differentiable decreasing func-
tion with f(O) = 0. Then the control 0°, as defined in Definition 2.3, is optimal

away from the origin, and the value function v is given by

v(z) =E* [/Jf(Xgo)ds} —i—g:2/|er(7")d7’+g, z € D\ {0}.

x|

Proof of Proposition 2.10. Fix € D\ {0} and r € (0, R). By Proposition 2.5, we
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know that ¢ is optimal for a decreasing step function. Therefore, for any o € U,

E* U L{xe>r) dS} > inf E” U Lgxzi=r ds}
0 si= velu 0 S=
=K {/0 ]l{ 27‘} ds} .

0
Xg

And so, similarly to the previous example, we can calculate that for any o € U,

E® [/OT f(IX;’I)dS] = /OR f(r)E” UOT]I{XQT} dS} dr
> /OR f’(:")E”“" [/O Loxeo)=n) dS} dr
— E* [/0 f(‘XgO)ds},

where we use the fact that f’ < 0. Hence

v(z) = /OR F(r)E® {/0711{’)(;’0\27“} ds] dr+g

——/ORf’(r)Ex {/07—11{

Substituting in the value function from Proposition 2.5, we calculate that

0
Xg

>} ds} dr +g.

R

o(z) = (B — o) f(lz]) + /| () P g

= BFR) ol f(e) ~ [ PP ¢)ar+g.
Applying integration by parts, this simplifies to
R ~
oia) =2 [ rr)dr+g,
|

x|

as required.

[]

We have seen that, for smooth increasing costs, the control ¢! which enforces

radial motion is always optimal, and for smooth decreasing costs, the control o

which enforces tangential motion is optimal everywhere except at the origin. In

the following sections, we will show that, for a continuous radially symmetric cost

function with sufficient regularity, an optimal control is to switch between radial

and tangential motion.
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2.3 Explicit solution in the general case

In this section, we consider the control problem for more general radially symmetric
cost functions, removing the restriction of monotonicity. We make the ansatz that
the optimal strategy is to switch between two extreme behaviours in the control
set, namely the strategies of tangential and radial motion defined in Definition 2.3
and Definition 2.7, respectively. In this way, we reduce the control problem to
a one-dimensional optimal switching problem for the radius process. We use the
principles of smooth and continuous fit to identify the optimal switching points, and
we provide an algorithm to construct a candidate for the value function. We are
able to write this function explicitly in Definition 2.14. We refer to the theory of
viscosity solutions that we develop in Chapter 4 in order to verify that the candidate
function is equal to the value function.

We make the following assumptions.
Assumption 2.11. Suppose that
1. The domain is D = Bg(0) C R?, for some R > 0 and d > 2;

2. The cost function f is radially symmetric; i.e. f(z) = f(|z]), for some function

f10,R) = R;
3. The boundary cost ¢ is constant;
4. The cost function f is continuous;

5. There exists 7 > 0 such that the cost function f is monotone on the interval

(0,n);

6. The one-sided derivative f " (r) exists for all 7 > 0 and changes sign only finitely

many times;

7. There exists 0 > 0 such that f is continuously differentiable on (0,d) and

lim,_,o rf’(r) =0.

Remark 2.12. In Section 2.4, we will relax the fourth condition on continuity and
the seventh condition on differentiability.

We rule out the case that the cost function oscillates at the origin by imposing
the fifth condition on monotonicity. We will see in the following sections that the
fifth and sixth conditions allow us to find an optimal strategy that switches between
two regimes finitely many times. We believe that we would still be able to solve the

control problem explicitly if we relax the fifth and sixth conditions, but in this case
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2.3. EXPLICIT SOLUTION IN THE GENERAL CASE

an optimal strategy may not exist. To simplify our exposition, we do not treat this

case here.

Recall the definitions of the functions ¢ in (2.3) and o' in (2.5), which are
associated to tangential and radial motion, respectively.

We conjecture that, in the case that f is increasing at the origin, there exists a

sequence of points 0 = sy < r; < s1 < ... < R such that an optimal control is of
the form
ol (X§7), X7 e0,m),
O‘: = UO (Xto-*) ) |th* S [Ti78i]7 l Z 17 (210)

O'1 (ng:), |Xta*‘ S (Si,TH_l), 221,

where, for each ¢ > 1, we define the hitting time
T, := inf {t >0: |Xt"*‘ = s,»} .

Note that t — ’X{’*} is deterministically increasing when !Xf*‘ € [ri,s;], for any
t > 1, by Lemma 2.2. Therefore, if |Xg*‘ >y, |Xt"*‘ >y forall t > 0.
Similarly, if f is decreasing at the origin, we conjecture that there is a sequence

of points 0 = rg < sg < r; < ... < R such that an optimal control is of the form

o (X7),  [XF] € (0, 50],

o = { ol (X"*), 1X| € (siq,mi), P> 1, (2.11)

Ts;

o (X)), |X7|€lr,s], i>1

Note that, in this second case, we do not make any claim about the optimal be-
haviour at the origin. Since ¢°(0) is not defined, we will require some approxima-
tion at the origin in this case. We explore this further in Section 2.4 where we relax
Assumption 2.11.

In either case, we conjecture that, at any time, an optimally controlled process
should follow either radial motion or tangential motion, depending only on the
current radial position of the process. We present a simulated trajectory of such
a controlled process for an example with two switching points in Figure 2.6. In

Proposition 2.15, we will prove that the control ¢* is optimal.
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Figure 2.6: A sample path of an optimal controlled process in a case with two
switching points

2.3.1 Reduction to a switching problem

Before beginning to construct a candidate for the value function, we give the fol-
lowing justification for our conjecture that switching between radial motion and
tangential motion should be optimal. We will work with the radius of the controlled
process in this section. We now derive an SDE for the radius process under some

simplifying assumptions.

Proposition 2.13. Let 0 € U be of the form
Oy = 5t7 0, cee O:|,

where o; € R with |o;| = 1, fort > 0. Let x € D\ {0} and suppose that X° solves
the SDE
dXto— = O¢ dBt7

with initial condition X§ = x.
Set ro := |z|, let € € (0,7), and define

T, 1= inf{t>0: \R?—r0| ze}.
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Then there exists a [0, 1]-valued process \ such that | X7| = R}, where R* solves the
SDE
b 1- N A
th = A\ dW; + W dt, Ro =To,

on the interval [0, 7], for a one-dimensional Brownian motion W .

Proof. Let W be the first component of the Brownian motion B. Then the process

X7 solves
de = Et th,

with X§ = 2. Considering t € [0, 7], so that X7 # 0, we can apply Itd’s formula to
find that the radius of X7 satisfies the SDE

_ 1o
d|X7) = | X7 1(X5)Tatdwt+§|xg\ STr ([|X7)1PT - XP(X7) ] 5, ) dt. (2.12)

Now let (X7)* denote the vector with norm |(X7)*| = |X7| that is orthogonal

to the vector X7 and satisfies
7= X717 (X7 + (X0)Y) (2.13)
for some Ay, i1y € R. Using the condition [7;| = 1, we see that
1=\ + i,

and so \; € [0,1] and py = /1 — A2
Substituting the expression (2.13) for 7, back into the SDE (2.12) for |X“|, and
repeatedly using the identities (X7)T X7 = [ X7|* and (X7)T(X?)" = 0, we have

1o
d|X7| = A dW; + 2 | X7 L1 - A7) at.

Therefore, writing R} = | X7, where ); is defined via (2.13), we arrive at the desired

form of the SDE
-2

A
AR =XdW, + =

dt. [l

Now, suppose further that the process A in the proof of Proposition 2.13 takes

the form

A= AR, t>0.
Then we can write down the infinitesimal generator £* for the process R* as

£hu(r) =~ ) - ),
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for r € (rg — &,70 + €) and any smooth function u € C?*((rg — &,70 + €), R).
Consider the following simplification of the control problem. Restrict the control

set to contain only those controls that give rise to a process A of the form specified

above. Let v : D — R be the value function of this simplified problem. By radial

symmetry, we can write
vi(z) = o"(|al),

for some o : [0, R) — R. Supposing that o7 is twice continuously differentiable,
we expect 0% to be a classical solution of a Hamilton-Jacobi-Bellman equation, as
described in Section 1.4.4. By the results of Section 3.3 of [58], o7 should solve

iycwR:ﬁ

in the interval (ro — €,7r¢ + €), where the infimum is taken over functions A : (ry —
e,ro+¢) —[0,1].

Note that we can rewrite the generator as

L) = 5o (1)~ 520 [0 0]
/(7‘)}/ > 0, the infimum is attained for \(r) = 1,

Hence, at points r such that [
% (7’)} < 0, the infimum is attained for A(r) = 0.

L (of
while at points r such that | (17 )
At a point r such that [1(0%)(r)
A(r) €10, 1].

Returning to the expression for @ in terms of A in (2.13), we see that setting

' = 0, the infimum is attained for any value

At = 1 gives 0, = X—ia,, with generator £! given by
Bed
t

Llu(r) = —%u”(r). (2.14)

Note that, away from the origin, a controlled process following this control has the
same behaviour as radial motion, as defined in Definition 2.7. On the other hand,

A = 0 corresponds to tangential motion, as defined in Definition 2.3, with generator

LOu(r) = —=—/(r). 2.15
(1) = —5-u(r) (215)
Therefore the above calculations support our claim that the optimal strategy should
be to switch between these two behaviour regimes.

We note that, in the above discussion, we restricted the control set and made

the strong assumption that the value function is twice continuously differentiable.
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In order to prove that the behaviour described above is in fact optimal without
these restrictions, we will need to refer to the theory of viscosity solutions for HJB
equations that we develop in Chapter 4.

We now identify the conjectured optimal switching points and construct a can-

didate for the value function, before proving optimality in Proposition 2.15.

2.3.2 Optimal switching points

With the justification of the previous section, we make the ansatz that the optimal
strategy is of the form described in (2.10) or in (2.11). We now seek to find the
optimal switching points r; and s;.

We will find that we require continuous fit and a condition on the first derivative
to fix the points r;, and we will need to impose smooth fit and a condition on the
second derivative to fix the points s;. It is interesting to note that smooth fit also
holds at the points r;, although we do not enforce it.

Under the conjectured optimal behaviour, the value function is of the form
v(z) =o(lz]), ze€D,

for some o : [0, R) — R. To identify the optimal switching points, we will assume
that o is differentiable in the interval (0, R) and satisfies the boundary condition
0(R) = g. Then, for any r € (0, R), we have

o(r) —g—[Rﬁ’(s) ds.

When we verify our candidate for the value function in Proposition 2.15, we will
show that v is in fact continuously differentiable in D and attains the boundary
condition v = g on 9D.

By definition of the value function, the expected cost associated to any admissible
control at some radius r € (0, R) is greater than the value v(r). Therefore the
derivative of such an expected cost at some r € (0, R) must be less than the derivative
of the value function ¥'(r). We will use this observation to determine the optimal
switching points.

Let V : [0,R] — R and define a candidate value function V : D — R by
V(x) = V(|z|) for z € D. The first step in constructing this function V is to find
the optimal switching points, as follows.

Suppose that there exists some ¢ > 1 such that 0 < s;,_1 < r; < R. Then we

expect that the optimal control switches from tangential motion to radial motion
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at the point s;_1. In some interval (s, s;_1), we set V= w;_1, where w;_, solves the
ODE
Lo0w; 1 (r) = =2rf(r),

and £ is the generator associated to tangential motion that is defined in (2.15).
This ODE is equivalent to the first order ODE

w4 (r) = —2rf(r).
In the interval (s;_1,7;), we set V = u;, where u; solves the ODE
Llui(r) = f(r),

and L£! is the generator associated to radial motion that is defined in (2.14). We
can write this ODE as

We fix the boundary conditions
u;(si-1) = wi—1(s,-1), and U;Jr(Sz'—l) = wg,l(si_l) = —28i—1f(5z'—1),

to define u; uniquely.
Now, in the interval (r;,s; A R), we suppose that tangential motion is optimal

and set V = w;, where w; solves the first order ODE

wl(r) = —20f(r).
We then have the following free boundary problem:

V'(r) = =2f(r), 1€ (si_1,71),
V'(r) = =2rf(r), 1€ (r;,s AR), (2.16)
‘N/(n—i—) = ‘N/(ri—),
where the point r; is to be found. Note that we require the continuous fit condition
at r; in order to solve the first order ODE in (74, s; A R).

As noted above, we determine the switching point by comparing the derivatives
of u; and w;. The point r; should be the first point at which w](r) = —2rf(r) is
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greater than the first derivative of u;. Therefore we define r; by
r; = inf {r > ;10 Si_1f(si1) +/ f(s)ds > rf(r)} )

That is the first point after s;_; at which the running average of the cost function
becomes greater than its current value. Note that this point cannot be in a region
where f is increasing and so r; is greater than or equal to the first point of decrease
of f after s;_i.

In Figure 2.7b, we show an example of choosing the switching point r; by com-
paring derivatives. We see in Figure 2.7a that, for this example, the switching point
ry is strictly greater than the turning point at which the cost function starts to
decrease. Also note that, although we have only imposed continuous fit at the point
r1, we can see in Figure 2.7b that the derivatives are equal at r;. For any continuous
cost function, this smooth fit property arises in the same way; we will discuss this
in detail in Section 2.3.4.

Let us now suppose that s; < R. We suppose that, in the interval (s;,r;+1 A R),
radial motion is once again optimal, and we set V= Uir1, Where u; 1 solves the
second order ODE

ufy (r) = =2 (r).

Then we have a second free boundary problem

(‘7’(7’) = —2rf(r), e (rsi),
V'(r) = =2f(r), 7€ (si,rig1 AR),

V(sit) = V(sim),
vJL(Sl) = Vi(sl)u

(2.17)

\

where the point s; is to be found. Here we require both smooth fit and continuous fit
at the point s; in order to solve the second order ODE in the interval (s;, 7,41 A R).

Having imposed the smooth fit condition V7 (s;) = V' (s;), the first derivatives
of solutions of w/(r) = —2rf(r) and uy, () = —2f(r) are equal for any choice of ;.
In order to fix the point s;, we require a second order condition. Recall from As-
sumption 2.11 that we assume that the right derivative of f exists everywhere. This
allows us to define s, to be the first point at which u/ (1) = —2f(r) is greater than
the one-sided second derivative from the right of the solution of wi(r) = —2rf(r).
Thus there is an interval of positive length on which the first derivatives are in this

same order.
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(a) Radial part of the cost function f(r) = sinr
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(¢) Second derivatives of the expected costs ui, wi, and usg

Figure 2.7: The first two switching points 71, s; are shown for the cost function
f(x) = sin|z|. The switching point 7, is the first point at which w)(r) = —2rf(r)
exceeds u}, where u; solves u(r) = —2f(r), with uy (0) = 0, as shown in (b). The
switching point s; is the first point after r; at which uj = —2 f exceeds wY, as shown
in (c). Fixing ub(s1) = w}(s1), we see in (b) that s; is chosen such that ), remains
greater than w/| over an interval of positive length.

We can calculate the one-sided second derivative from the right of w; as
wyy (r) = =2f(r) = 2r f1.(r).
This leads us to define s; by
s; :=inf {s > 7y fl(s) > 0} .

In this case, the switching point is exactly the turning point at which f starts to
increase. For the example in Figure 2.7, we can see that the switching point s;

does indeed coincide with this turning point. Figure 2.7c shows how this switching
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point is chosen by comparing second derivatives, and Figure 2.7b shows that the
first derivatives at this point have the desired properties.

Note that the sixth condition of Assumption 2.11 implies that there are finitely
many switching points s; and thus finitely many points r;. Taking the above defini-
tions of r; and s; for all values of ¢, j such that r;,s; < R, we now solve the ODEs

in (2.16) and (2.17) to construct a candidate for the value function.

2.3.3 Construction of the value function

In this section we construct the candidate function V', which we will go on to prove
is equal to the value function. We break the construction down into two cases
depending on the behaviour of the cost function at the origin, and then into two
further sub-cases depending on the behaviour of the cost function at the boundary

of the domain.

Case I: Increasing cost at the origin

Suppose first that f is increasing on the interval (0,m). We summarise the construc-
tion of the candidate value function in this case in Algorithm 1.

Fix sg = 0. Since we expect the optimal control to enforce radial motion in the
ball B, (0), we solve the second order ODE

u(r) = =2f(r), re(0,R).

We require two boundary conditions in order to uniquely define the solution u;. We
impose the boundary condition w,’ (0) = 0 for the following reasons.
First, from the discussion in the previous section, we recall that we will define

the first switching point to be
rqy = inf {r > 0: uy(r) < —27“f(r)} :

since we are seeking to maximise the derivative of the candidate value function.

Therefore, for r € (0,71), we must have u/(r) > —2rf(r) and, in particular

uy' (0) = lgﬂ)lu'l(r) > —21Tiﬁ)1rf('r’) = 0.

To get the opposite inequality, fix § € (0,1) and r € (0,d) and apply Ito6’s formula
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Algorithm 1 Construction of the value function in Case I

Define sq = 0. .
Solve uf{(r) = —2f(r), with ulﬁr(O) 0, u1(0) = «, for some o € R.

Define r; := 1nf{r>0 Jy S( s)ds > rf(r }

Set V =uy on (0,7, A R).
if 1 < R then
for : > 1 do 3
Solve wi(r) = —2r f(r), with w;(r;) = u;(r;).
Define s; := inf {r > 7 f;(s) > O}.

Set V = w; on (r;,s; A R].
if s; > R then
break
end if
Solve uy,,(r) = —Qf(T‘), with u}_(s;+) = —QSif(Si) and
Uit1(5i) = wi(si).
Define ;1 := inf {r > ;e sz )+ f f )ds > 7”];(7“)}

Set V = Uir1 on (8,71 A R].
if r,,1 > R then
break
end if
end for
end if
Fix o such that V(R) = g.

to up(0) = (’X"

> to see that

wi(8) — ua(r) = B [u1< )} —u(r)
_ %ET [/05 ! (’X;’l ) ds] — [/06 f (‘X;’l ) ds] .

Then, applying dominated convergence to take the limit as r | 0, and using the fact

that f is increasing, we have that

i 5 (0(0) — wa(r)) = 57 | [ (|

<~ FO)E )
= —0£(0).

1>ds}

Hence

0 <u/ (0) < —13?015f( ) =
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As well as imposing the above condition on the first derivative, we also fix an
arbitrary value u;(0) = a € R. Having constructed the candidate value function, up
to this arbitrary constant, on the whole domain, we will use the external boundary

condition V(R) = ¢ to determine the value of . We now have

T):a_g/or/osf(t)dtds.
:inf{r>0: /Orf(s)ds>rf(r)},

and set V(r) = uy(r) for r € (0,7, A R].

If r1 < R, we then expect the optimal control to switch to enforcing tangential

Define

motion. Therefore we solve the first order ODE
wy(r) = —2rf(r), r € (r, R).

In order to uniquely define the solution w;, we impose the continuous fit condition
wy(r1) = V(r1). Then we have

w<>=v<n>—2/r sF(s) ds

—a=2 [ sfas-2 [ [ foaas

51 = inf{r >y fr(r) > 0} ,

and set V(r) = w1 (r) for r € (r,s; A R].

If s; < R, then we expect the optimal control to switch back to enforcing radial

Now define

motion, and so we solve the second order ODE
us(r) = —=2f(r), r€ (s1,R).

At this point, we impose both the continuous fit condition uy(s1) = V(s;) and the

smooth fit condition uy’, (s1) = V'(s1) in order to uniquely define us. We then find

that ,
uh(r) = V'(sy) — 2/ f(s)ds
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and so
un(r) = V(51) + (r — )7 (51) — 2 r/sf(t)dtds
=a—2 ; /Slf(t)dtds—Q i /Of(t)dtds
—2/ F(s)ds — 2(r1 — s1)rf ().
Defining

= inf{r > 510 s1f(s1) +/S:f(s) ds > rf(r)},

we set V(r) = ug(r) for r € (s1,75 A R).

We continue in this way until reaching the boundary of the domain, setting

f/(r) _ wi(r), 1€ (si_1,m AR),
wi(r), r € (ri,s; NR),

for each 7 > 1.
Fixing ¢ > 2, for r € (s;_1,7; A R], we calculate that

ui(r) = wi—1(si-1) + (r — sic)wi_y(sic1) / / f(t)dtds
— w1 (riig) — 2/ 5f(s) ds

Ti—1

<r—s11>szlfszl—z/ / F(t) dt ds.
ul(Tl):Oé—Q/Om /Osf(t)dt

we calculate recursively that

Noting that

)= a-— / /f )t ds + 2(r; — ¥)ss 1 flsi 1) + ‘/sjlf(t)dtds

_QZ[ —s55.1)8;1f(s5- 1)+/5j_1sf(s)ds+ "’ /s f(t)dtds].

Tj*l
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Now, for r € (r;, s; A R], we calculate that

w;(r) = u(r;) — 2/T sf(s) ds

i

= wi—l(si—l) - 2(7'1 — Si_l)SZ’_ljg(Si_l) -2 /rZ /S f(t) dtds

—2/:sf(s)ds.

We note that

w1(81 = U1 7“1

2 f e
_ // dtds—Q/:Sf(S)dS,

and calculate recursively that

—a—2/ /f dtds—2/ 5f(s) ds
_QZ[ —5;.1)8;_1f(5;1) / / flt dtds—i—/ llsf(s)ds].

(2.19)

In order to determine the value of «, we use the boundary condition on 9D.
Let K € N be such that R € (sx_1,sk]. We consider the following two sub-cases,
depending on the behaviour at the boundary.

Radial motion at the boundary: Suppose that R € (sg_1,7x]. Then we expect
radial motion to be optimal close to the boundary of the domain, and we have
V(r) = ug(r) for r € (sx_1, R).

Imposing the boundary condition V' (z) = g for € 9D, we have ug(R) = g.
Setting i« = K and r = R in (2.18), we find that

g=a— 2/“ / F(t)dtds + 2(ric — R)sic f(sic1) + 2/: / F(t) dt ds

—22[ — Sj-1)Sj— 1f Si—1) / / f dtd8+/ 1sf(s)ds].

We can now substitute the value of « into (2.18) and (2.19) to find closed form
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expressions for the values

wi(r) = 2(r; — r)si—1f(si—1) + 2/ /1 f(t)dtds

+2Z sjlsjlf(sjl)Jr/:J f(sds) //f dt]

Jj=i+1

—2(rg — R)sk - 1f SK—1 —2/ / t)dtds + g,

for r € (s;_1,7s AR],i=1,..., K, and

si B R s 5
wi(r) = 2/ SF(s)ds + 2(R — sic1)sie 1 f(sx1) +2/ / F(#)dtds + g

K-l Sj . Tj s
+2 (rj —sj1)s;1f(s;1) + | sf(s)ds+ ft)de|,
j;1 [ l 1 l /”f /sj—l /sj—l

for r € (ry, 8], i=1,..., K — 1.

Tangential motion at the boundary: Now suppose that R € (rx, sk|, so that
we expect tangential motion to be optimal close to the boundary of the domain.
Then we have V(1) = wg(r) for 7 € (rg, R).

Imposing the boundary condition V(z) = ¢ for x € 9D, we have wg(R) = g.
Setting i« = K and r = R in (2.19), we find that

g:a—2/Tl/sf(t)dtds—2/rRsf(s)ds
—22[ i — 5i1)Sio1 f (5i 1)+/:11 Sf(s)ds—i—/:l / f(t)dtds}.

Having found the value of «, we can substitute this into (2.18) and (2.19) to find

closed form expressions for the values

ui(r) =2(r; —r)s;- 1f511+2// f(t dtds—l—Q/ sf(s)ds+g

—l—QZ [ —s5-1)85-1f (55— 1)—|—/: ds—l—/ / flt dtds],

Jj=i+1 j
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for r € (s;_1,mi],i=1,--- , K, and

w; () :2/T8isf(s)d5—2/Sksf(s)ds—i—g

R

+2 Z [ — 55-1)8;-1f(s,_ 1)+/_8jsf(s)ds—l—/fj /S f(t)dtds],

Jj=1+1

forr € (ry,s; N\R],i=1,--- | K.

We summarise the candidate value function in Definition 2.14 below.

Case II: Decreasing cost at the origin

We now turn to the second case where f is decreasing on the interval (0,7). We
summarise the construction of the candidate value function in this case in Algo-
rithm 2.

Algorithm 2 Construction of the value function in Case II

Define rq = 0. .
Solve wy(r) = —2r f(r), with wy(r) = a, for some a € R.

Define s := inf {r >0: f1(r) > 0}.

Set V = wq on (0,50 A R).
if s; < R then
for i > 0 do
Solve u, | (r) = —2f(r), with u} ,(s;+) = —2s;f(s;) and
i1 (s:) = wi(s;).
Define r;y1 := mf{r>sz sif (s; +f f(s ds>7“f(fr)}.

Set V = U;jy1 ON (Si, Tit1 VAN R]
if Ti+1 Z R then

break
end if

Solve w§+1(7“) = _27“f(7”), with w;1(riv1) = Uip1(rigr)-
Define s;,1 := inf {T > T fjr(r) > 0}.

Set V(R) = g on (Ti—l—h Si+1 VAN R]
if Si+1 Z R then
break
end if
end for
end if
Fix a such that V(R) = g.

We expect the optimal control to enforce tangential motion in B,(0) \ B.(0), for

any ¢ € (0,7). As we will see in Section 2.4, it will be possible to define a control
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at the origin whose cost approximates the cost associated to tangential motion.
Without further justification here, we fix ry = 0 and seek the solution wq to the first

order ODE
wy(r) = =2rf(r), re(0,R).

Note that this ODE fixes the first derivative and, in particular, w,’ (0) = 0.
In order to uniquely define w;, we need to impose one boundary condition. As in
the previous section, we will fix an arbitrary value w;(0) = o € R, and we will
determine the value of a from the external boundary condition V(R) = g, once we
have constructed the candidate value function on the whole domain.

The construction of the value function proceeds in the same way as in Case I,
and we omit the details here. We state the candidate value function in both cases
in the following Definition 2.14.

Definition 2.14 (Candidate value function). Let the cost functions f and g be as
in Assumption 2.11. For k € Nand 7 = 0,... , k, define the constant

22[ )y fs) //f dtds+/:sf()]

Then we define the candidate value function V : D — R as follows.

Case I: If f is increasing in (0,m), then set s = 0 and let K € N be such that
R € (skx_1,8k]. For z € D, define

V(z) —g—Q/SK sf(s)ds

RVrg

—2(rk — RATi)Sk-1f(5x-1 —2/ /3 f(t)dtds
RArg Jsg—1

+2 E :1{(5i7175i]}(|x|) [(Tz — |z A Ti)£i—1f(51—1) + / i / f(t) dtds
i=1 lz[Ars /551
7 s +Sf<]
/| sf(s)ds

z|Vr;
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Case II: If f is decreasing in (0,7), then set 7o = 0 and let L € N be such that
R € (rp,rp41]. For x € D, define

V(z) :g—Q/SL sf(s)ds

RAs,

RVsy, s
+2(R\/8L—8L)8Lf(8L)+2/ /f(t)dtds

SL SL
L

#23 Ul | [ 876 as = el v = s)aif(s)

i=0 x|As;

lz|Vsi  ps
_/ / f(t)dtds + §F

Before turning to the rigorous proof of optimality in Section 2.3.5, we make

a digression to discuss the smooth fit property that the candidate value function
exhibits.

2.3.4 The principle of smooth fit

In the preceding construction, the smooth fit condition is required to fix the switch-
ing points s;. It is notable, however, that we do not need to impose smooth fit to
uniquely identify the points r;, but the smooth fit condition is nevertheless satisfied
at these switching points.

The principle of smooth fit is commonly used in optimal stopping problems, as
described in Section 9.1 of [47]. For a continuous R-valued diffusion process, the
optimal stopping time is the first exit time of some interval. The interval is chosen
such that the value function dominates the cost function everywhere and matches
both the value and the first derivative of the cost function at the end points.

In [48], Pham shows how the smooth fit property arises in a one-dimensional
switching problem, similar to the problem that we are studying in this chapter.
Pham proves that smooth fit holds using the theory of viscosity solutions, under the
assumption that the underlying stochastic process has strictly positive diffusivity in
each regime.

In our problem, the controlled radius process behaves locally like a Brownian
motion in the regime of radial motion. Therefore, at the points s;, where the optimal
behaviour switches to radial motion, the conditions are met for Pham’s result to
hold. This justifies the smooth fit condition at the switching points s;. However,
in the regime of tangential motion, the controlled radius process is deterministic.

Therefore we cannot apply Pham’s reasoning to justify smooth fit at the points r;
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where the optimal behaviour switches to this regime. It is interesting to note that,
although Pham’s justification from [48] breaks down at the points r;, smooth fit still
holds at these switching points.

2.3.5 Proof of optimality

We now turn to the proof that the candidate function that we have constructed is

indeed the value function.

Proposition 2.15. Under Assumption 2.11, the value function v is continuously
differentiable and takes the form v ="V, where V s defined in Definition 2.14.
Moreover, there exists an optimal control o* € U in the following cases. ]ff 18
increasing in (0,n), then the control o* defined in (2.10) is optimal. If f is decreasing
in (0,m) and the initial condition is x € D\ {0}, then the control o* defined in (2.11)

s optimal.

In order to prove this result, we refer to the theory of viscosity solutions for
Hamilton-Jacobi-Bellman (HJB) equations that we develop in Chapter 4. The main

result of Chapter 4 is the following theorem, which we restate here for reference.

Theorem 4.20. Suppose that Assumption 1.16 holds, and suppose further that the
domain D is uniformly convex, the running cost f is continuous in D, and the
boundary cost g is uniformly continuous on 0D.

Then the value function v : D — R defined in Section 1.4.1 extends continuously
to D and is the unique viscosity solution of the HJB equation

1 inf Tr (DQUO'O'T) —f=0

oeU

i D, with boundary condition
v=g on OD.

In this section, we will prove that the candidate function V' is a viscosity solution
of the HJB equation

1
— — inf Tr (D*V N = €D 2.20
S inf e (DV(2)ooT) = [(2), €D, (2.20)
with boundary condition V' = g on dD. We then appeal to Theorem 4.20, as stated
above, to see that the value function v is a viscosity solution of the same boundary
value problem and, moreover, such a solution is unique. From this, we conclude that

the function V is equal to the value function v.
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We first show that V' is a classical solution of (2.20) in the regions where we

expect radial motion to be optimal.

Lemma 2.16. For each i > 1, define w; : (s;—1,7; AN R] = R by
wi(r) = 2/ / F(t)dtds + 2(ri — 1)si 1 Flsi 1) + C,
r Jsia
for an arbitrary constant C}', and define U; : D — R by
Ui(z) = wi(|z]).
Then U; is a classical solution of the PDE (2.20) in the region
{reD: |z| € (si.1,mi ANR)}.

Proof. Fix i > 1 and let x € D be such that |z| € (s;_1,7; A R). Observe that, by
definition of r;,
ui(lzl) 2 =2 |z] f(|=]). (2.21)

We have that U; is twice continuously differentiable at  and
DUy(x) = || (|| wf (|]) = wi(|a])] 22T + |2 wi(z])].
Substituting in «/(|z|) = —2f(]z|) and rearranging gives

D2Ui(w) = — [l |2 o] f(lel) + w(le])] a2 + |2 wj(l2)]

= =2f(l)1 + [2I ™ |2 o] f(lal) + wi(la])| [Jof* T - 22T].
Hence, for any o € U,

Tr (D*Ui(z)oo ") = —2f(|z|) Tr(oo ")
+ |z ? [2 2| f(|z]) + ui(\x!)] Tr ([J2* I —z2"] oo ).

Noting that |z|° I — zz" is positive semi-definite, and using (2.21), we have
Tr (D*Uy(z)o0 ") > —2f(|z]) Tr(oo ") = —2f(z),

for any o € U.
Taking o = o'(z), where ¢! : D — R is the function defined in Definition 2.7,
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we see that
Tr <[|x|2 I—ax'] Ul(x)ol(x)T> =0,

and so
Tr (DQUi(x)al(x)al(x)T> = —2f(z).

Hence U; is a classical solution of the PDE (2.20) in the the region {x € D: |z| €
(si_l,ri /\R)} ]

We next show that V' is a viscosity solution of (2.20) in the regions where we

expect tangential motion to be optimal.

Lemma 2.17. For each i > 0, define w; : (r;,$; AN R] = R by

w;(r) = 2/& sf(s)ds+C¥,
for an arbitrary constant C}", and define W; : D — R by
Wi(z) = wi(lz]).
Then W; is a viscosity solution of the PDE (2.20) in the region
{reD: |z| € (ry,si\R)}.

Note that w; is twice continuously differentiable if and only if f is continuously

differentiable. We first suppose that this is the case and prove the following lemma.

Lemma 2.18. Fiz ¢ > 0 and suppose that f s continuously differentiable in the
interval (r;,8; N R). Then W; defined in Lemma 2.17 is a classical solution of the
PDEFE (2.20) in the region {x € D: |z| € (r;,s; A R)}.

Proof. Let x € D be such that |z| € (r;,s; A R). Observe that, by definition of s;,

wip(|af) = =2f(|z]). (2.22)

Since f is assumed to be continuously differentiable, we have that w; and W; are

both twice continuously differentiable, and
D*Wy(x) = [ ™ (|| wf (Je]) — wi|z)] zz " + o] ™ wi|z])1.
Substituting in w!(|z|) = —2 || f(|z|), we have

DWi() = || 2 [ (|al) + 2 (ja])] ax™ — 2/l ])1.
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Hence, for any o € U,

T (D*Wia)oo ™) = a2 [l (o)) + 2/(])] Te(aaT o0 ™) — 2f(|a]) Tr(oo)

> —2f(ja]) Tr(oo ") = —2f (x),

using the inequality (2.22).
Taking o = ¢"(z), where ¢ : D — R is the function defined in Definition 2.3,

we see that
Tr <$$T00(w)ao(a:)T) =0,

and so
Tr <D2Wi(:v)ao(:v)ao(x)T> — 2f(x).

Hence W; is a classical solution of the PDE (2.20) in the region {x € D: |z| €
(’f‘i, Si AN R)}
[l

We can now prove Lemma 2.17, by using smooth approximations to the continu-
ous function f and applying a standard stability result for viscosity solutions, which

can be found, for example, in Lemma 6.2 of [26, Chapter I1].

Proof of Lemma 2.17. Fix i > 1. Since f is continuous on [ri,si A R|, we can
approximate f uniformly by polynomials (f*)sen (see e.g. Theorem 7.26 of [54]).

For convenience, define the region D; := {x € D: |z| € (r;,s; AR)}. Let k € N
and define W} : D; — R by

|z _

Wk(z) .= -2 fF(s)sds + C.

3
T

Define f*: D; — R by f*(z) = f*(|z|), and define F* : D; x R%¢ — R by

FFr, X) = —% inf Tr(Xoo ") — f*(x).

oceU

Then, since f’“ is continuously differentiable, we can apply Lemma 2.18 to see that

WF is a classical solution, and therefore a viscosity solution, of
F*(x, D*WF(z)) =0 for x€ D,
We now show that F* converges uniformly to F : D; x R%? — R, defined by

F(z,X) = —% inf Tr(Xoo") — f(x),

oceU
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and that W} converges uniformly to W;.
Let € > 0. Then, by uniform convergence of ( fk)keN, there exists N € N such
that

’f(r)—fk(r)’<5, forall r€rg,R] and k> N.

Let k> N, x € D; and X € R4 Then |z| € [r;, s; A R], and so

[Pz, X) = F*(, X)| = | f(2) = f*(2)
Flal) = F(ial)| < 2.

Therefore F* — F uniformly on D; x R4,
Now choose M € N such that

‘]g(r)_f’“(r)‘<m, forall re€lr;,s] and k> M.

Let k> M and x € D;. Then |z| € [r;,s; A R], and so
lz] -
| (f6) = 7)) sas

||
<2
<2

< 2(s; — 1)

[Wia) = Wi()] =2

F(s) = (s Isl ds

F(s) = *(5)| Il ds
9

= E.

Hence Wi’“ — W; uniformly on D;.
We can now apply the stability result given in Lemma 6.2 of [26, Chapter I1], to

conclude that W; is a viscosity solution of
F(x,D*W;(x)) =0 for x € Dy

i.e. W; is a viscosity solution of the PDE (2.20) in the region {x € D: |z| € (r;, s; A
R)}. O

We now combine the above lemmas to prove that V is the value function.

Proof of Proposition 2.15. We divide the domain D into disjoint regions and prove

first that V' is a viscosity solution of (2.20) in the interior of each region.
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Step 1: Fix ¢ > 1 such that s,_; < R, if such a point exists. In the region
{z € D: |z| € (si—1,7: N R)}, we have V = U, for a particular choice of constant
C. So by Lemma 2.16, V' is a viscosity solution of (2.20) in this region.

Now fix ¢ > 0 such that r; < R, if such a point exists. In the region {z €
D: |z| € (ri,si A R)}, we have V = W; for a particular choice of constant C}’, and

so V' is a viscosity solution of (2.20) in this region, by Lemma 2.17.

Step 2: We next prove that V' is a viscosity solution of (2.20) on each of the
internal boundaries between the regions.
Let i > 0 be such that r; < R, if such a point exists. Consider x; € D such that
|z;| = ;. Note that
lim D*V(z)
|| —ri—

= lim D*Uj(x)
e ) (2.23)
== dim [27(a)I + 2™ (21al f(lal) + wi(lz])) [la* T - 227]]

|| —ri—

= _Q.f(rl)lv

since 2r; f (r;) + ;' (r;) = 0, by definition of r; and continuity of f.
To show that V' is a viscosity subsolution at x;, let z; € arg min(¢ — V'), for some
¢ € C*(D). Since V € C'(D), it must be the case that D¢(z;) = DV (x;), and that

the Hessian of ¢ satisfies

D*¢(z;) > lim D*V(x) = —2f(r;)I,

|x|—ri—

as calculated in (2.23). Hence, for any o € U,
Tr (D*¢(z;)o0 ") > —2f(r;)) Tr(oo ") = —2f(x),

and so
— % inf Tr (D2¢($i)UUT) < flws),

oceU
as required.
To show the supersolution property, let z; € argmax(y) — V), for some ¢ €

C*(D). Then by a similar argument to the one above, we have

D*)(x;) < —2f(ri)1,
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and so
Tr (DQ@b(xi)aaT) < =2f(x:),

for any o € U, which implies that
1. .
- §;2£Tr (D*¥(z)oc') > f(a;).

Now let ¢ > 0 be such that s; < R, if such a point exists, and consider z; € D
such that |z;| = s;. Here, note that
lim D?V(x)
|z|—si+

= lim DQUH_l([E)
e ~ (2.24)
== dim[27( )+ |2l (210l f(l2l) + g (o)) [l2f T = 227] |

|x|—si+

= _2f(8i)lv

using the fact that 23if(si) + i1/, (s;) = 0, by definition of s; and the smooth fit
property.

To show that V' is a viscosity solution at points of radius s;, we follow the same
reasoning as we did for points of radius ;. For z; € argmin(¢— V') and ¢ € C*°(D),

we have that

D?¢(x;) zl |lim DV (x) = —2f(si)1,
T|—s;+
using (2.24). So, for any o € U,
Tr (D*¢(z;)o0 ") > —2f(z;),

which implies that the subsolution property holds.
Similarly, for x; € argmax(¢) — V') and ¢ € C*°(D), we have

D*(x;) < =2f(si)1,
and so, for any o € U,
Tr (Dzw(xi)aaT) < =2f(xy),

which implies the supersolution property.
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Step 3: We have shown that V' is a viscosity solution of (2.20) in D\ {0}. We now
consider the behaviour at the origin. Recall from Assumption 2.11 that we have

assumed that f is monotone on some interval (0, 7).

Case I: Suppose that f is strictly increasing on (0, 7).
Then V = U; in some neighbourhood of the origin. We see that r; > 7, and so
V = U in B,(0). Let € B,(0) and consider

D2V (w) = ~2f (2} I + |o|~ (2|2l f(Ja]) + ui(|z])) [Jal* T - 2] .
Since |z| < r1, we have
2 o] f(lal) + i (Jz]) > 0.

Substituting in the value of ) and considering a first order Taylor expansion around
0, we find that there exists C' > 0 such that

||

20| f(el) + vt (Jal) = =2 | F(s)ds = 2Ja] (F(1a) ~ F(0)) + ol

Hence, for j, k € {1,... ,d},

0 < Jal ™ (21l F(lel) + willal)) |[l2 T = 227] |
f(a )
<2 (f(la)) - f(0)) C la].

< Jof ™" (22l F(le) + wi(lo])

Taking the limit as |z| — 04, by continuity of f, we see that

lim D*V (z) = —2f(0)1.

z—0

We now show that V' is a viscosity solution of (2.20) at 0. Let ¢ € C*(D)
be such that 0 € argmax(V — ¢). Since the gradient DV is continuous, we have
D¢(0) = DV(0) =0 and

D?*¢(0) < lim D*V (z) = —2f(0)1,

x—0

and so V is a viscosity subsolution of (2.20) at 0. On the other hand, for any
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1 € C*°(D) such that 0 € argmin(V — 1), we have D(0) = DV (0) = 0 and

D*p(0) > —2£(0),

and so V' is a viscosity supersolution of (2.20) at 0.

Case II: On the other hand, if f is decreasing in (0,7), we have that V = W}
in B,(0). Recall from Assumption 2.11 that we have assumed that f is continuously
differentiable on some interval (0, d), and consider € D such that |z| < § A 7.

We have that

DV (z) = |2 [ V(lzl) +2f (J2))| 22" —2f(|z])]

=22 [~ Jal F'(2l) = F(le) + f(|2])| 2T = 2f (2]}
= 2|t (| — 2f(Ja])T.

=
f

Since f'(|z]) < 0, we get the following bound. For j, k € {1,... ,d},
0< =2z f(la]) [ojael < —2]al f'(]z)) = 0, as 2| = 0+,

by the fifth statement of Assumption 2.11.
Therefore lim,_o D?V (x) = —2f(0)I, and so V is a viscosity solution of (2.20)

at the origin, by the same argument as for Case 1.

Step 4: By construction of the function V', the boundary condition V' = g on 9D
is satisfied. We conclude, by Theorem 4.20, that the function V is equal to the
value function v. Also, by the construction of V', we have that the value function v

is continuously differentiable in D.

Step 5: Finally, we turn to the proof that the control ¢* is optimal. It is sufficient
to show that .
t= V(X)) + / f(X7)ds
0

is a martingale. We will work with the squared radius of the process X", writing
Zg" =|X7"|, for t > 0. We also let V : [0, R?) — R be such that V(z) = V(|z|) for
all z € D.

Suppose that f is increasing on the interval (0,7). Then o* is given by (2.10).

Letting W be the first component of the Brownian motion B, Lemma 2.2 tells us
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that Z° satisfies the SDE

dzy = dt 42 (Z ﬂ{zg*e(sf,rfﬂ/\ﬁ.?)} + ]l{zg*e[o,rf/\m)}) vV Z7 AW,

where the index ¢ runs from 1 to the first ¢ such that r;; > R.

In each interval [r?, s?], there is a constant C' such that

V() = z/f sf(s)ds +C.

Therefore, since dZ7" = dt when Z7" € [r?, s?], we can make a change of variables
to find that

L geepray AVIZT) = =Ty 2 o f (\/ Zf*) dt. (2.25)

Now, in each interval (s7,77 ), there is a constant C' such that

V(z) = 2/\;+1 Sf(t) dt ds + 2(rip1 — V2)sif(s:) + C

We see that V' is twice continuously differentiable in such an interval, and so we can

apply Ito’s formula to V(Z°"). We calculate the derivatives

é/ f(s)ds — 2~ 2slf(sz)

Sq

and

=/ _3

V() :% / f(s ds——Zlf(f)

Then, by It6’s formula, we find that

}dV(ZU ) _]I{Z?*E(S?,T?H)}f (\/ Zf’*) dt
=/ o* o
+ 2]1{Z{’*6(S?,7‘1.2+1)}V (Zt ) V Zt th

]l{Z‘T e(s?,r2

77 7,+1

We have a similar expression for the interval [0,7%), and so combining this with
(2.25), we have

V(X7 - V(XS = —/Otf(X
2/0 (Z 1{zg* 20} —1—]1{ZU €[, 2)}) \/_dV[/S7
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for any t > 0. This shows that the required martingale property holds, and so o* is
an optimal control.

Now suppose that f is decreasing on the interval (0,m), and let X" = x, for
some z € D\ {0}. In this case o* is given by (2.11), and Z°" satisfies

dZta- = dt+22]l{ZtU*E(SZZ,TZ~2+1AR2)}\/Zf* th,

where now the index ¢ runs from 0 to the first ¢ such that r;;; > R. We see that
Z°" never hits the origin.

We can make the same calculations as above to find that, for any ¢ > 0,

t t
V(X7) - V(XT) = —/0 f(xz7 )ds+2/0 Zn{zg*e(sfﬁrgﬁ)}\/zg dw;,
and so the required martingale property holds once again. We conclude that o* is

optimal. 0

We required the smoothness conditions on the running cost f in Assumption 2.11
in order to show that the candidate value function is a viscosity solution at the
origin. In Section 2.4, we will relax these assumptions and extend the above result
to include cost functions that have an infinite discontinuity at the origin. In this
case, we cannot define a viscosity solution of the HJB equation (2.20) at the origin,

and so Theorem 4.20 will no longer be applicable.

2.4 Infinite cost at the origin

We now extend Proposition 2.15 by considering the case where the cost function
is continuous on the whole domain, except at the origin where it is allowed to
become infinite. We will show that the value function takes the same form as we
saw in Proposition 2.15. We will also find growth conditions on the cost function
under which the value function becomes infinite. We note that, in allowing the cost
function to become infinite at the origin, we must take care to check that we still
have equality between the strong value function v and the weak value function v",
as we showed in Proposition 1.7 for the case of continuous cost functions. We will
find a particular growth regime where we require results on Brownian filtrations
from Chapter 3 in order to prove that v°(0) = v"(0) in dimension d = 2.

We relax Assumption 2.11 to remove some of the regularity conditions on the

cost function f, as follows.
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Assumption 2.19. We assume that
1. The domain is D = Bg(0) C R, for some R > 0 and d > 2;

2. The cost function f is radially symmetric; i.e. f(z) = f(||), for some function

[0, R) = R;
3. The boundary cost ¢ is constant;
4. The cost function f is continuous on D \ {0};

5. There exists 7 > 0 such that the cost function f is monotone on the interval

(0,n);

6. The one-sided derivative f " (r) exists for all 7 > 0 and changes sign only finitely

many times.

Note that we retain the fifth statement in this assumption to ensure that the
cost function does not oscillate as it approaches the origin, and we retain the sixth
statement so that there are finitely many switching points and these are well-defined.

Having relaxed the conditions on the cost function f, we can no longer use the
theory of viscosity solutions. To prove the following results, we once again treat
the cases of increasing and decreasing costs separately, and we distinguish between
regimes of slow and fast growth at the origin. The different growth regimes will be

determined by the convergence of the integrals

/Or f(s)ds and /0 sf(s)ds.

In each of the proofs in this section, we make the simplifying assumption that the
boundary cost is ¢ = 0. However, the results still hold for any constant boundary

cost g.

2.4.1 Cost functions increasing at the origin

We first consider cost functions that are increasing in some neighbourhood around
the origin. In this case, we will find that radial motion, as defined in Definition 2.7,

is optimal close to the origin.

Proposition 2.20. Suppose that Assumption 2.19 holds and there exists n > 0 such

that f is negative and increasing on the interval (0,m). Then the strong and weak

value functions defined in Section 1.4.1 are equal, and we can write v = v° = v,
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/0 ' f(s)ds > —oo,

then the value function v is finite and equal to the candidate value V' defined in
Definition 2.14.

| Foras=-

0

If, for any r >0,
Remark 2.21. Note that, since f is increasing on (0,7), the function V is defined
in Case I of Definition 2.14, with sp = 0 and r; = inf {7’ >0: [y f(s)ds > rf(r )}
When fo s)ds > —oo for any r > 0, the switching point r; is well-defined.

If, for any r > 0,

then v = —o0.

Proof of Proposition 2.20. First suppose that, for any r > 0,

[T

For N € N, define an approximating sequence of functions fy : [0, R) — R by

fN(T): Ji(ﬁ)’ r=
fr),

V
2= 2=

and define fy : D — R by fy(x) = fn(|z|) for z € D. Then fy is continuous and
bounded. Moreover, fixing N > %, we have the bound fy > f.
Now define vy : D — R by

vy () == inf B [/ fn(X7)d } r e D,

oeld

using the same notation as in the definition of the strong value function v° in

Section 1.4.1. Note that U]SV > 0,

Let Vi denote the candidate value function defined in Case I of Definition 2.14
with the function f replaced by fy. Since Assumption 2.11 is satisfied for the
value function v%, we can apply Proposition 2.15 to see that v3 = Vy. We can
also see that, for any = € D, limy_,o V() = V(z) and V(z) is finite, since
Jo f(s)ds > —oo for any r > 0. We will show that limy_, v3(2z) = v%(z) and

conclude that v(z) = V(z).
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Fix 0 €e U and x € D. We have
o [ [ as] = | [ ey 0]

() | tosen]

Define K := sup{f(z): € D} and note that K < oo by continuity of f in D\ {0}.

Then the sequence
(/0 FOXIDL L xeec m)} ds)

is decreasing for N > % and bounded above by 7K. Since 7 has finite expectation

(2.26)

NeN

by Proposition 1.5, we can apply monotone convergence (see e.g. Theorem 1 of [55,
Chapter II, §6]) to show that

i 2 | [ O ey ] =2 g [T O ey 0

—w | [ fuxspas).

We will show that the second term of (2.26) vanishes as N — oo by referring to

Proposition 2.8 on the control problem for a step cost function. Note that f (%) < 0.

1
||

o1 (3) [ ] -+ (3) [ s
> 27 () - leD

N—oo

0,

For = # 0, we can choose N > so that, by Proposition 2.8,

using the condition that [j f(s)ds > —oo to find the limit.
For x = 0, Proposition 2.8 tells us that

0> F () L ] = -

Hence
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forany c e U, x € D.
Now fix z € D and £ > 0 and choose o° to be an c-optimal strategy for the cost

function f; i.e.
E” U f(XgE)ds] <v%(z) +e.
0

Then
vi(x) +e > E” {/Tf<X§5)d51
0
= lim E {/0 In(X? )ds}

N—oo

> lim vy (x) > v¥(z).

N—oo

Taking the limit as € | 0, we see that

v¥(x) = lim vy (),
N—o0

and by uniqueness of the limit, we have that v(z) = V(z).

As in Proposition 1.7, we can apply Theorem 4.5 of [20] to see that vo = vWV.
Since f is continuous in D \ {0}, upper semicontinuous at 0, and bounded above by
a constant, we can deduce that the conditions of Theorem 4.5 of [20] are met in the
same way as in the proof of Proposition 1.7. Hence v = v = V.

Now suppose that, for any r > 0,

/OT F(s) ds = —oco.

We will show that radial motion is an optimal strategy and that this strategy gives
a negative infinite cost. Let the control o' be as defined in Definition 2.7, and define
X7 by
t
X7 :x—i—/ oldB,, t>0.
0

Let W be the first component of the Brownian motion B.
First suppose that x # 0. Then, for any ¢t > 0,

T
Xtal =T + th,
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and so

e[ Tf(Xf)ds] = Tf<rws|>ds]

We can now use the Green’s function G for the one-dimensional Brownian motion
W on the interval (—R, R), as calculated in Example 2.6 using the definitions in
Appendix B. By Proposition B.5, we see that

E* [/OTf(Xé’l)dS] =2/ORG(I$|,y)f(y)dy+2/0 G(lzl,y) f(—y) dy

—-R

" R ~ — x| rl* -
R ) =y ay+ S [T+ i

+ 22 s mf-ay

Making a change of variables y — —y in the last integral,

le/ y+ R)F(— |I|/ R— o) f(y) dy,

and so

[/fX" } /m( R—y)f(y)dy + 2(R — |z]) lm|f(y)dy

0

Since f is bounded above and
lz|
0
we have .
E* [/ f(X;'l)ds] = —00.
0
Hence

M) <o < w | [TFas] = oo

Now let x = 0. Then for ¢t > 0,

1
X7 = e W,
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By symmetry of the Green’s function G for W about zero, we have

EOLATfQAfl

) ds} = 2F° [/OT f(Ws)]l{wszo} ds

—4 / G(0, ) F(y) dy

(2.27)
R ~
22/(R—wﬂw®
0
== —OO’
by the growth condition on f. Hence
o (0) < v5(0) < Y U F(|x:)) ds} e
0
We conclude that
W =10% = —. ]

We have shown that, for cost functions increasing at the origin, there is a di-
chotomy depending on the convergence of [ f(s)ds. When N f(s)ds > —oc for
any r > 0, the value function is finite and equal to V', and when for f(s)ds = —c0

for any r > 0, the value is identically equal to negative infinity.

2.4.2 Cost functions decreasing at the origin

We now consider cost functions that are decreasing in some neighbourhood around
the origin. Excluding the origin from this neighbourhood, an optimal strategy is
tangential motion, as defined in Definition 2.3.

We will first show that, away from the origin, the form of the value function is

unchanged from the value function in Proposition 2.15.

Proposition 2.22. Suppose that Assumption 2.19 holds and there exists n > 0 such
that f is positive and decreasing on the interval (0,1).
Then, for x € D\ {0}, v(z) = v9(z) = vW(z) = V(z) € (—o0,00), where V is

the candidate value function defined in Proposition 2.15.

Remark 2.23. In this case, since f is decreasing on (0,7), V is defined in Case II
of Definition 2.14.

Proof of Proposition 2.22. For N € N, define fy, fy and vy as in the proof of
Proposition 2.20. Now, for N > %, we have fN < f, fv < f, and vy < vy.
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Recall that, by Proposition 2.15, v§ = Vy, where Vy is the candidate value
function defined in Case II of Definition 2.14 with the cost function f replaced by

e
Fix x # 0 and N > |71‘ v % Then we can see that Vy(z) = V(z), and V(z) is

finite. We will show that v¥ () = v°(x) and conclude that v¥(z) = V().
Let o* be the control defined in (2.11). Since fN is decreasing in the interval

(0,m), Proposition 2.15 shows that ¢* is optimal, and so

e[
-/ (N) o | [ ey 5 [ 702D

When ‘Xf *| € (0,n), the radius process t |X1;7 *‘ is deterministically increasing,

(2.28)
by Lemma 2.2. Therefore, since |z| > +
1{|XU*|<L}:O, for all tZO
t |=N

Hence, by (2.28) and the definition of v°, we have

) 2 30 = | [ F(XE D as| = o),

and so

v¥(x) = vx(2) = Vn(2) = V(2).

Finally, for N € N, define v} : D — R by

PePy

vy (z) := inf EF [/ fn(X ], r €D,

using the same notation as in the definition of the weak value function v" in Sec-
1y L
\/

Jel

tion 1.4.1. By Proposition 1.7, v¥, = v}¥. Once again, fix z # 0 and N >
that U]V\[f/ < W, Then we have

as required. O
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At the origin, we have not shown that there exists an optimal control. The
function ¢ introduced in Definition 2.3 is not defined at the origin, and so we
require an approximation to tangential motion. We consider different growth rates

separately, as we did for increasing costs.

Proposition 2.24. Suppose that Assumption 2.19 holds and there exists n > 0 such
that f is positive and decreasing on the interval (0,1).

Suppose further that, for any r > 0,
/ f(s)ds < oo.
0

Then v(0) = v°(0) = vW(0) = V(0) € (—o0,00), where V is the candidate value
defined in Definition 2.14.

Proof. For N € N, define fy, fy and vy as in the proof of Proposition 2.20. Letting
Vi be the candidate value function in Case II of Definition 2.14 with f replaced by
f, we have v3,(0) = Vi (0), by Proposition 2.15. We also see that limy_,. Va(0) =
V(0), and the value V(0) is finite due to the growth condition on f. We will show
that v¥(0) = limy_,. v5(0) and conclude that v°(0) = V(0).

Fix 6 € (0,n) and N > ;. Denote by e; the unit vector in the first coordinate

direction. Let 0¥ € U be an optimal control for the cost fy; that is

v3(0) = E° [/0 v (‘X;’N ) ds] .

Since fy is constant on (0, +) and decreasing on (,7), by Proposition 2.15 we can

choose o such that

1

aivz[el; 0; ...; 0], for |Xt|<N,

and |
o =0%(X,), for |X|€ {N,n)

Also define a control ¢ that coincides with oV except that we set

1
Ufz er; 0; ... 0], for |Xt|€|:N75>'

Under either control o or ¢°, the process t +— | X;| is deterministically increasing

on the interval (d,7), by Lemma 2.4. Therefore the error between the value v3(0)
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and the expected cost of choosing the control 0% with the cost fis
0 < En(6) :=E° U 7 <‘X§5 ) ds] —5(0)
0
TS s TS N
_E° U f()Xg )ds] — RO [/ P (’X;’ >ds] .
0 0

In the ball Bs(0), the process X ° is equal to a one-dimensional Brownian motion

in the direction e; and so, making a calculation with the Green’s function similar
to (2.27) in the proof of Proposition 2.20, we find that

e[f 10

We now compute the expected cost under the control . When ‘Xf N

)ds} =2/06<5—y>f<y>dy.

S (%75)7

the process X" follows tangential motion, and so we can calculate

T8 ~ R
E~ [/ In (‘XQTN‘
0

In the ball B 1 (0), the process X " is a one-dimensional Brownian motion and so,

)ds} = /:LNQ f(VN=2 1 5)ds = 2/63f(5) ds.

1

N

making another calculation with the Green’s function, we can write

B [/0 i (|x2)) ds] _E {/ON o (2 ds] - l/o o

~ 6 ~
:% (%)Jr?/]lvyf(y)dy‘

)

Therefore the error is
P R 5 1 -/1
F =2 — -9 _—fl=)
w0 =2 [[0-0fwds-2 [ w5 (v)

Since [ f(s)ds < oo for any r > 0, we can take the limit as N — oo to get

N—o0

E(6) = lim Ey(5) =2 / (6~ 29) Fy) dy,

and then taking the limit as 6 — 0 gives

0< E() =2 /06 (6= 2) Fly)dy =% 0. (2.29)
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Returning to the definition of Ey(d), for fixed § € (0,7) and N > £, we recall that

00+ Bx(o) =2 | [ (|x7

) ds} . (2.30)
Since fy < f, we have

v°(0) + En(8) > v3(0) + Ex(6).
By the definition of v¥, note that

([0

Combining these inequalities with (2.30), we see that

)ds} > 15(0).

v3(0) + Ex(8) > v5(0) + Ex(8) = v5(0).

Since the sequence (v3(0)) <y s monotone, we can take the limit as N — oo and
find that
v9(0) + E(8) > lim vy (0) + E(8) > v5(0).
—00

Having calculated that lims_,o £(5) = 0 in (2.29), we have that

v3(0) = lim v§(0),

N—oo

and v°(0) = V(0).
Defining v}/ as in the proof of Proposition 2.22, we have v3(0) = vk (0) for any
N € N, and so we can conclude that v°(0) = v"'(0) = V(0). O

Remark 2.25. Note that, if the growth rate of f is such that, for any r > 0,

/Orf<s>ds=oo,

then the error F(J) in the proof of Proposition 2.24 is infinite for all §. Therefore

the above argument does not generalise to costs with faster growth at the origin.
We now consider decreasing costs with faster growth at the origin.

Proposition 2.26. Suppose that Assumption 2.19 holds and that there exists n > 0
such that f is positive and decreasing on the interval (0,m). If, for any r > 0,

/Tsf(s)d5:oo,
0
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then

Proof. Once again define fy, fy and v¥ as in the proof of Proposition 2.20. Let
N > % and define the control ¢V as in the proof of Proposition 2.24, so that o
optimal for the cost fy.

Using the calculations of the expected cost under the control oV from the proof
of Proposition 2.24, we find that

v3.(0) = E {/0 v (‘X;’N ) ds]
= | [ (e )] o= 7 () ey 0

> o () +2 fw (2w {7 < 0.0}

By the growth condition on f, we have

lim yf( )dy = +oc.

N—oo

Also, since f is continuous on (0, R),

min{f(r): re (n,R)} > —00,

and so
lim vy (0) = +oo.
N—oo

For any N € N, defining v}/ as in the proof of Proposition 2.22, we have

Hence
v9(0) = v"(0) = 4o0. O

We have now fully characterised the value function for any radially symmetric
cost, except for the value at the origin when the cost function is decreasing at the

origin and grows at such a rate that, for any r > 0,

/Tf(s)ds:oo and /Tsf(s)ds<oo,
0 0

We now state the result for this remaining growth regime.
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Proposition 2.27. Suppose that Assumption 2.19 holds and that there exists n > 0
such that f is positive and decreasing on the interval (0,m). If, for any r > 0,

/Tf(s)ds:oo and /rsf(s)ds<oo,
0 0

then
v(0) = v°(0) = 0" (0) = V(0) € (~00,00),
where V' is the candidate value function defined in Definition 2.14.

We first prove the result for dimensions d > 3.

Lemma 2.28. Under the conditions of Proposition 2.27 with d > 3, we have

Proof. In this case, we can follow the same argument as in the proof of Proposi-
0| with 27,

where [ is the d-dimensional identity matrix. Instead of following a one-dimensional

tion 2.24 except that we replace the constant control [el; 0; ...
Brownian motion at the origin, the controlled processes ¥ and ¢ follow a scaled
d-dimensional Brownian motion. We now verify that the approximation arguments
in Proposition 2.24 hold with this change.

We will use the Green’s function for the d-dimensional Brownian motion B, as
defined in Section 3.3 of the book [45] of Morters and Peres. By Theorem 3.32 and
3.33 of [45] and the radial symmetry of f, there are constants C',C’ > 0 such that,
for any § € (0,7),

2| [ swoas] =c [ sy
0 B
5
=" | 2 f )yt dr
I
= C’/ rf(r)dr.
0

Therefore, since [ sf(s)ds < oo for any r > 0, we have

lim E° UO‘S £(B.) ds] ~0.

Hence following the same arguments as in the proof Proposition 2.24 leads to the

desired result. O
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Now suppose that d = 2. Note that, from the form of the Green’s function for
2-dimensional Brownian motion given in Theorem 3.34 of [45], we can see that the
argument used for d > 3 is no longer valid. In the following lemma, we treat the
weak control problem in dimension d = 2, delaying the proof of the result for the

strong control problem until Section 3.5.

Lemma 2.29. Under the conditions of Proposition 2.27 with d = 2, the weak value
function is given by

" (0) = V(0) € (—o0, 00).

Proof. Retaining the notation of the proof of Proposition 2.26, we have that, for
any y € D with |y| = n,

vV(0) > A}im vy (0)
o n (2.31)
Vo) =2 [ efwac+ v,

by Proposition 2.15 and the definition of V' in Definition 2.14.
In Theorem 4.3 of [41], Larsson and Ruf prove that, for d = 2, there exists a
weak solution X’ of the SDE

dX, =o%(X,)dB;; X, =0. (2.32)

The process X7 follows tangential motion starting from the origin, as defined in
Definition 2.3. By Lemma 2.4, for any ¢ > 0,

= V1,

0
g

and so 2
2| [ recas| = [T iwmas—2 (e

Note that Assumption 1.16 holds, and so we can apply the dynamic programming
principle from Proposition 1.17 to see that, for any y € D with |y| = n,

M0y <0 <8 | [7 ) as x|

> / "efe)de + Vi),

using the result that v® = V away from the origin from Proposition 2.22.
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Combining the above inequality with (2.31), we have

as required. O
We summarise the preceding results in the following extension of Proposition 2.15.

Theorem 2.30. Suppose that Assumption 2.19 is satisfied, and let V : D — R be

the candidate value function defined in Definition 2.14. Then the value function is

Moreover, we can determine when the value function is finite. If there exists n > 0

such that f is increasing on the interval (0,7), then

v>—oco, if [/ f(s)ds > —oco  for any 1 >0,

v=—oo, if [ f(s)ds = —o0  for any r > 0.
If there exists n > 0 such that f is decreasing on the interval (0,7), then

v < 00, if fOTsf(s)ds<oo for any 1 >0,
v(0) =00 and wv(x) <oo, z € D\ {0}, if forsf(s)ds:oo for any 1> 0.

I
I
I
I
I
I
I
I
I
I
1

V=YV :
I
I
I
I
I
I
I
I
I
I
I
I

Figure 2.8: Figure showing the distinct growth regimes for the cost function in
Theorem 2.30, highlighting the case where, for any r > 0, for f(s)ds = oo and

N sf(s)ds < oo, as in Proposition 2.27.

We now discuss what remains to prove Proposition 2.27 in the case d = 2.
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Remark 2.31. Recall that, in Proposition 1.7, we appealed to Theorem 4.5 of
El Karoui and Tan’s paper [20] to show equality between weak and strong value
functions, under the assumption that the cost function f was upper semicontinuous
and bounded above by a constant.

Under the assumptions of Proposition 2.27, we cannot apply Theorem 4.5 of [20],
since one of the assumptions of that theorem is no longer satisfied. Namely, in our

setup, Theorem 4.5 of [20] is only applicable if the random variable

= CF(X.) ds

is bounded above by some random variable ¢ that is uniformly integrable under
the family of probability measures P, defined in Section 1.4.1. We show that this
condition is not satisfied as follows. Let e; be the unit vector in the first coordinate
direction and define X! by

X! =eB;, t>0.

Then let PX' be the law of the process X! and choose P € P, to be the product
measure

P:=PX" x4,,.

Following the same Green’s function calculation as in (2.27) in Proposition 2.20, we

use Proposition B.5 to compute that

o [ [ reeas] = [ w=nfirar =

due to the growth condition (3.3) on f at the origin.
Hence there does not exist any uniformly integrable upper bound on F, and

Theorem 4.5 of [20] does not apply.

In Lemma 2.29, we found the weak value function at the origin by using the fact
that there exists a weak solution of the SDE (2.32) describing tangential motion
started from the origin. We will show in Theorem 3.4 that the SDE (2.32) has no
strong solution. Therefore, we cannot follow the same argument as in the proof of
Lemma 2.29 to find the strong value function.

In Chapter 3, we will show that the natural filtration of a weak solution of (2.32)
is generated by a Brownian motion. As a consequence, we will deduce that the
strong and weak value functions are in fact equal in Section 3.5.

Since the SDE (2.32) has no strong solution, the strong control cannot depend

only on the current position of the controlled process. In the next section, we

90



2.5. MARKOV CONTROLS

introduce the terminology of Markov controls for such controls that depend only on

the current position of the controlled process.

2.5 Markov controls

We now define a Markov formulation of the control problem. This is a stronger
formulation than the strong and weak formulations introduced in Section 1.4.1.
Markov controls are defined similarly in Section 3 of [26, Chapter IV] and Section
3.1 of [58].

Definition 2.32. For each x € D, define the set UM C U of Markov controls as
follows. A control v € U is an element of UM if and only if, for all t > 0, v; = o(X["),

where X 7% is a strong solution of the SDE
dXt = O'(Xt) ch XO =X,

for some Borel function o : D — U. We then write X"V = X %7,
The Markov formulation of the control problem is to find the Markov value
function vM : D — R, defined by

vM(r) = inf E” {/Tf(XS”)ds—l—g(XT”) , w€D.
0

veuM
Proposition 2.33. For any x € D, v™(x) > v9(x).
Proof. This follows immediately from the inclusion UM C U. n

We will now show that, under the conditions of Theorem 2.30, the Markov for-
mulation of the control problem is equivalent to the weak and strong formulations,

with one possible exception.

Proposition 2.34. Suppose that Assumption 2.19 is satisfied, and let V : D — R
be the candidate value function defined in Definition 2.14. Let x € D and suppose,

moreover, that one of the following conditions hold:
(i) f is increasing on the interval (0,n);
(ii) [ is decreasing on the interval (0,n) and z € D\ {0};
(iii) f is decreasing on the interval (0,7), © =0 and, for any r > 0, N f(s) < oo;

(iv) f is decreasing on the interval (0,m), x =0 and, for anyr > 0, fOT sf(s) = 00;
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(v) f is decreasing on the interval (0,n) and d > 3.

Then the Markov value function is given by

Proof. We treat each of the conditions from the statement of the proposition in turn.

(1) Let the control o* € U be as defined in (2.10). First note that, if |z| € [0,r),
then X" is a strong solution of the SDE

dX; =o' (2)dB;, X, =,

up to the first hitting time of radius r;, where the coefficient o'(z) is a constant.
When | X{"| € [r;, s;] for some i > 1, we have o7 = 0%(X/"). When |X7"| € (s, ri41)

for some ¢ > 1, we have o} = 0 (X7 ), and we can calculate that X" actually solves
dXt = Ul(Xt) dBt

in this region. Therefore, fixing # € D, there is a Markov control 6* € UM such
that

E” UOTf(Xf*)derg(Xf*)} =E* UOTf(X?*)derg(X?*) :

Under the conditions of Proposition 2.15, ¢* € U is optimal for the strong formu-
lation of the control problem, and so v™(x) < v¥(x). By Proposition 2.33, we also
have v™ (z) > v®(x). Hence v (z) = v°(z).

To complete the proof under condition (i), we note that the proof of Proposi-
tion 2.20 can be adapted easily to the Markov value function rather than the strong

value function. We conclude that, under condition (i), v™ = v%.

(1) Let x € D\{0}. Then, taking the definition of the control o* € U from (2.11),
we see that ’Xf *‘ > () for all £ > 0. By similar reasoning as above, there is then a

control 6* € UM such that

% { | e +g<Xf*>} _E° { | a2

Once again, under the conditions of Proposition 2.15, the above expression is equal
to v¥(z), and so vM(x) < v¥(z). Combining this with Proposition 2.33, we have
vM(x) = v5(z). Noting that the proof of Proposition 2.22 can be adapted to the

case of Markov controls concludes the proof under condition (7).
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(731) We note that the proof of Proposition 2.24 can be easily adapted to Markov

controls, and so the result holds under condition (ii).

(iv) Under condition (iv), Proposition 2.26 shows that v°(0) = +o0o. By Proposi-
tion 2.33, v*(0) > v¥(0), and so we also have v*(0) = +o0.

(v) The additional case included in condition (v) that has not been covered by

conditions (i7)—(iv) is when d > 3, x = 0 and, for any r > 0,

/rf(s)d3:oo, and /Tsf(s)ds<oo_
0 0

In this case, as with condition (7ii), the proof of Lemma 2.28 can easily be adapted

to Markov controls, and so the result holds. O

The above result does not give us the value v*(0) for dimension d = 2 in the

case where f is decreasing on the interval (0,m) and, for any r > 0,

/OTf(s)d:s:oo, and /Orsf(s)ds<oo.

For the strong and weak formulations of the control problem, this case is treated
by Proposition 2.27, which we will prove in Section 3.5. We conjecture that, in this
case, there is a gap between the Markov value function and the strong and weak
value functions at the origin. In Chapter 3, we will state this conjecture formally

and prove two results that support the conjecture.
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CHAPTER 3

SDES WITH NO STRONG SOLUTION ARISING FROM
A PROBLEM OF STOCHASTIC CONTROL

In this chapter, we present two examples of SDEs that have no strong solution.
These SDEs arise from considering the control problem of Chapter 2 in a regime of
moderate growth at the origin in dimension d = 2. We prove that a weak solution
of one of the SDEs generates a Brownian filtration and use this to prove equality
between weak and strong value functions. Non-existence of strong solutions leads us
to conjecture that there is a gap between the Markov value function and the strong
and weak value functions at the origin. We prove the main results of this chapter
by building on the study of an example of an SDE with no strong solution given by

Tsirelson.

3.1 Introduction

We fix d = 2 in this chapter. We consider the control problem of Chapter 2 under
Assumption 2.19 in the case that the cost function f is decreasing on the interval

(0,m) and satisfies the growth conditions

/f(s)ds:oo, and /sf(s)ds, for any r > 0.
0 0

In Section 3.5, we will complete the proof of Proposition 2.27 by showing that the
weak and strong value functions are equal at the origin under the above conditions.

We will also make the conjecture that there is a gap between the Markov value
function and the strong value function. We will prove two results, Theorem 3.4 and

Theorem 3.15, which give support to this conjecture. In Theorem 3.4, we will show
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that the SDE

1 |—-Xx2
dX, = — 1 dB
t ’Xt| [ th t

has a weak solution starting from the origin but no strong solution. In Theorem 3.15,
we consider SDEs whose solutions give rise to a sequence of expected costs that
approximate the strong and weak value function at the origin. We show that these
SDEs also have no strong solution starting from the origin, further supporting the
conjecture.

We now state the definitions of weak and strong solution that we will be using

in this chapter.

Notation. As different filtrations play an important role in this chapter, we will
fix the following notation. For any stochastic process X, F¥ = (FX);>¢ will denote
the augmentation of the natural filtration of X satisfying the usual conditions. Any
other filtration introduced in this chapter will also be assumed to satisfy the usual

conditions.

We take the following definitions of weak and strong solutions from Karatzas
and Shreve [38, Chapter 5|. Let b : Ry x R - R? and ¢ : R, x R? — R™ be
Borel measurable functions and W an m-dimensional Brownian motion. Consider
the SDE

dX; = b(t, Xy) dt + o(t, Xy) dW;. (3.1)

Definition 3.1 (Strong solution). [38, Chapter 5, Definition 2.1]
Fix a probability space (€2, F,P) on which an m-dimensional Brownian motion W
and a random variable ¢ are defined. A strong solution of the SDE (3.1) with initial

condition £ is a continuous d-dimensional process (X;):;>o such that
i. X is adapted to F";
i. P[Xo=¢ =1,
ii. P [fg (1bi(5, Xo)| + |03 (5, X.)|?) ds < oo] — 1, for all 4, 7, £ > 0;
iv. X, = Xo+ [y b(s, Xs)ds + [, o(s, X,) dWy, for all ¢ > 0.

Definition 3.2 (Weak solution). [38, Chapter 5, Definition 3.1]
A weak solution of the SDE (3.1) with initial distribution u is a triple

(X, W), (Q, F,P),F),
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where (§2, F,P) is a probability space, F = (F;);>¢ is a filtration satisfying the usual
conditions, W is an m-dimensional F-Brownian motion, and X is a d-dimensional

continuous F-adapted process, such that
i. Xy has law pu;
.. t 2 ..
ii. P [fo (1bs(s, X5)| + |oij (s, Xs)[7) ds < oo] =1, forall 7,5, t > 0;
i, X, = Xo+ [} b(s, X)ds + [ o(s, X,) AW, for all ¢ > 0.

Remark 3.3. We emphasise that the key difference between Definition 3.1 and
Definition 3.2 is that the Brownian motion W and the process X in a weak solution
can be chosen together, and there is no requirement for X to be adapted to the
natural filtration of W.

The first main result of this chapter is the following.
Theorem 3.4. Let B be a real-valued Brownian motion and consider the SDE

1
dX, = —
X

— Xt2
dB;. 3.2
o ] : 3:2)
Then there exists a weak solution of the SDE (3.2) with initial distribution dy. How-
ever, there is no strong solution of the SDE (3.2) with initial condition Xy = 0.

The first statement of the theorem is proved by Larsson and Ruf in Theorem 4.3
of [41]. We will complete the proof of the theorem in Section 3.6.

In light of this result, we cannot simply adapt the proof of Lemma 2.29 in order
to prove Proposition 2.27. In Section 3.5, we will use properties of the filtration
generated by a weak solution of (3.2) to prove Proposition 2.27.

Theorem 3.4 also suggests that, in the case covered by Proposition 2.27, there
may be a gap between the Markov value function and the strong and weak value

functions. This is the assertion of the following conjecture.

Conjecture 3.5. Fiz d = 2. Suppose that Assumption 2.19 is satisfied and that
there exists n > 0 such that f is decreasing on (0,m). Suppose moreover that, for
any r > 0,

/OT f(s)ds =00 and /0 sf(s)ds < oo. (3.3)

Then
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In Proposition 2.27, we show that v¥(0) = v"(0) = V(0), so the new assertion
in this conjecture is that v™(0) > v5(0).

We begin this chapter by presenting some examples of SDEs from the literature
that have a weak solution but no strong solution. We will draw similarities between
the SDE (3.2) and Tanaka and Tsirelson’s examples of SDEs with no strong solution,
as described, for example, in [53, Chapter V, §3].

In Section 3.3, we will introduce circular Brownian motion, which is used by
Emery and Schachermayer in their study of Tsirelson’s equation in [21]. We will
show that the angle process of any solution of the SDE (3.2) is a regular time-change
of a circular Brownian motion. We use the properties of circular Brownian motion
to prove that the filtration generated by any solution of the SDE (3.2) is Brownian
in Section 3.4.

In Section 3.5, we use the fact that a solution of (3.2) generates a Brownian
filtration to prove Proposition 2.27.

We prove Theorem 3.4 in Section 3.6, showing that the SDE (3.2) has no strong
solution starting from the origin, again making use of the properties of circular
Brownian motion proved in [21].

In Section 3.7, we consider a class of SDEs whose behaviour approximates that
of the SDE (3.2), in the sense that the expected costs associated to their solutions
converge. In Theorem 3.15, we will prove that these SDEs also have no strong
solution, adapting the proofs of some results on circular Brownian motion from [21].

We will end this chapter in Section 3.8 by discussing what remains to be shown

in order to prove Conjecture 3.5.

3.2 SDEs with no strong solution in the literature

We now present two examples of SDEs that are known to have no strong solution.
In this section, we collect some results from the literature on Tanaka and Tsirelson’s
equations. We will go on to show that the SDE (3.2) has similar properties to these
SDEs, in order to prove Proposition 2.27 in Section 3.5 and to prove non-existence

of strong solutions in Theorem 3.4.

3.2.1 Tanaka’s example

A well-known example of an SDE with no strong solution is Tanaka’s SDE, which

is the following one-dimensional equation:

dXt = Sign(Xt) th (34)
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3.2. SDES WITH NO STRONG SOLUTION IN THE LITERATURE

The SDE (3.4) admits a weak solution but not a strong solution. The proof of this
can be found, for example, in Example 3.5 of [38, Chapter 5].
To prove that there is no strong solution, the key idea is to show, using the

[to-Tanaka formula, that the inclusion
NS

holds for all £ > 0. Then it is impossible for X to be adapted to F", since .7-"t|X| C FX
for all t > 0.

In order to prove Theorem 3.4, we show similar inclusions to the ones above,
where the increments of the solution of the SDE (3.2) play the role of the absolute

value of the solution of Tanaka’s SDE.

3.2.2 Tsirelson’s example

A further example of an SDE with no strong solution was presented by Tsirelson

in [59]. Tsirelson’s example is the one-dimensional equation
dX, =b(t, X)) dt + dV,, (3.5)

with initial condition Xy = 0, where b is chosen as follows.
Fix a decreasing sequence (t)nc—nuqo} such that ¢y = 1 and lim,, ¢, = 0.
Denote the increments of X and ¢t by AX; = X, — X;, | and At; = t; —¢;_4,

respectively, and define

.30 = Y (50| 22| e 30

ke—N

At a time t € (tx, tg41], b(¢, X)) is the fractional part of AA)Z’“

Any weak solution of the SDE (3.5) has the following properties, as proved, for
example, in Theorem 18.3 of [53, Chapter V]:

i. At any time ¢ > 0, the natural filtration of a solution X has the decomposition

Fi=FPvo(B(tX));

ii. For each k € —N, b(t, X ) is uniformly distributed on [0,1) and independent
of F5;

iii. The sigma-algebra F\ is trivial.
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Note that the drift term (3.6) in Tsirelson’s SDE depends on the whole history
of the process X. Therefore, to define strong and weak solutions, we need to extend
Definition 3.1 and Definition 3.2 in the same way as in Definition 3.14 of [38, Chapter
5]. As remarked in [53, Chapter V], for bounded drifts depending only on the current
value of the process, Zvonkin proved in [67] that a strong solution of (3.5) always
exists.

In the following sections, we refer extensively to the work of Emery and Schacher-
mayer in [21], where they demonstrate a connection between Tsirelson’s example and
circular Brownian motion. In [21], Emery and Schachermayer use this connection
to show that the natural filtration of a weak solution of Tsirelson’s equation (3.5) is

generated by a Brownian motion.

3.3 Circular Brownian motion

The key observation in our proof of Theorem 3.4 is that the angle of any solution
of the SDE (3.2) is a deterministic time-change of a circular Brownian motion. We
take the following definition of a circular Brownian motion from the paper [21] of

Emery and Schachermayer.

Definition 3.6 (Circular Brownian motion). Let (¢;)er be a continuous R/27Z-
valued process. For any s,t € R with s < ¢, denote by f; d¢, the R-valued random

variable that depends continuously on ¢, vanishes for ¢ = s, and satisfies

/ do, = ¢y — ¢s mod 2.

Let F = (F;)er be a filtration. We say that ¢ is a circular Brownian motion for F

if ¢ is adapted to F and, for each s € R, the process

[s,oo)9t|—>/td¢r

is a standard Brownian motion for the filtration (F;):c(s,o0)-

With this definition in hand, we now show how a circular Brownian motion arises
in our example. By Theorem 4.3 of [41], we know that there exists a weak solution
(X, B), (22, F,P),F) of the SDE (3.2). We can apply Itd’s formula to show that
there is an R/27wZ-valued process 6, which we call the angle process of the solution,
such that

0
Xt:\/zlcos t], for all > 0,

sin Qt
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and 0 satisfies
46, = t 2 dB,. (3.7)

We now show that 6 is a circular Brownian motion, up to a time-change. We define

a regular time-change as in [21].

Definition 3.7. A function a : R — (0,00) is a regular time-change if a is an

increasing absolutely continuous bijection with absolutely continuous inverse.

Proposition 3.8. Let ((X, B), (2, F,P),F) be a weak solution of the SDE (3.2).
Then the associated angle process (6;)i>o is a reqular time-change of a circular Brow-

nian motion.

Proof. Define the function a : R — (0,00) by a(t) = €', t € R. Then a is a regular

time-change. Define the time-changed process

(Qt)teR - (Ha(t))tzo-

Since, for any t > 0, there is a one-to-one deterministic correspondence between
X; € R? and 6; € R/27Z, the angle process 6 is adapted to F. Now define the

time-changed filtration
F= (]:t)te]R = (fa(t))teR-

We will show that 6 is a circular Brownian motion for F.
Since a is a regular time-change, g is adapted to F. We also see that the R/27Z-

valued process 6 is continuous. Now fix s € R and consider the process

¢ ¢
[s,00) Dt / do, —/ a(r)_% dBa,

using the expression (3.7).

Since B is an F-Brownian motion and a is a regular time-change, we have that

t
[S, OO) S5t — / dBa(T)

is a (F})ie[s,00)-martingale, with quadratic variation

</ dBa(r)>t = a(t) — a(s),

t
[s,oo)9t|—>/ dé,

and so
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is a continuous (.E)te[s,oo)—martingale. We can calculate the quadratic variation

</5 d§r>t = /:a(r)l da(r) =t —s,

since a(r) = €", for any r € R.

Therefore, by Lévy’s characterisation of Brownian motion, the process

t
[s,oo)9t|—>/ dé,

is an (F;)tefs,00)-Brownian motion. Hence 6 is a circular Brownian motion for F. [

We now state two key properties of circular Brownian motion that are proved
in [21]. For a circular Brownian motion ¢, define the innovation filtration H to be

the filtration generated by the increments of ¢; i.e.
Hi = {ps —p: —co<r<s<t}), teR.

Then Proposition 1 of [21] states that, for any ¢ € R,
i. ¢y is uniformly distributed;
ii. ¢; is independent of H.

We note the parallel between these properties of circular Brownian motion and the
properties of Tsirelson’s equation (3.5) stated in Section 3.2.2.

The aim of Emery and Schachermayer’s paper [21] is to show that solutions of
Tsirelson’s equation generate a Brownian filtration, as we discuss in the following

section.

3.4 Brownian filtrations

In Proposition 2 of [21], Emery and Schachermayer define a Brownian filtration as

follows.

Definition 3.9 (Brownian filtration). A filtration is called Brownian if it is the

natural filtration of a real-valued Brownian motion starting from the origin.

Note that this definition agrees with the definition of a strong Brownian filtration

given in Mansuy and Yor’s book [44, Definition 6.1].
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In the case of Tanaka’s SDE (3.4), any weak solution is a Brownian motion, as
discussed in Example 3.5 of [38, Chapter 5|, and so in this case a weak solution
trivially generates a Brownian filtration.

In Proposition 4 of [21], Emery and Schachermayer show that any deterministic
time-change of a circular Brownian motion generates a Brownian filtration. The pa-
per [21] concludes with a proof that there is a bijection between any weak solution of
Tsirelson’s equation and a circular Brownian motion. From this, the authors deduce
that any weak solution of Tsirelson’s equation generates a Brownian filtration.

In [19], Dubins, Feldman, Smorodinsky and Tsirelson settled an open question
by presenting an example of a process that does not generate a Brownian filtration.
Their proof relies on the concept of standardness, an invariant of filtrations first
introduced by Vershik in the setting of ergodic theory in his doctoral thesis [62].

Another example of a process that does not generate a Brownian filtration is the
diffusion that Walsh defined in [64], now known as Walsh’s Brownian motion. In
[60], Tsirelson proved that Walsh’s Brownian motion does not generate a Brownian
filtration, by introducing a new invariant of filtrations known as cosiness. Warren
later used the same technique in [65] to prove that sticky Brownian motion also
does not generate a Brownian filtration. In [22], Emery and Schachermayer provide
a discussion of the relationship between the two invariants standardness and cosiness,
along with further references to examples of their application.

We will now show that a weak solution of our SDE (3.2) generates a Brownian
filtration. This filtration is therefore both standard and cosy, although we do not
need to appeal to either of these notions here. The result follows directly from the

relationship with circular Brownian motion that we proved in Proposition 3.8 above.

Corollary 3.10. Let ((X, B),(Q, F,P),F)) be a weak solution of the SDE (3.2).

Then X generates a Brownian filtration.

Proof. Suppose that a weak solution of (3.2) exists, and write

X, =i [cos 91 |

sin 6,

where 6 is the angle process of the solution. Let FX = (F);>0 be the filtration
generated by X. Then, since Xy = 0 is fixed, and X; is a deterministic bijective

function of 6, for each ¢ > 0, we have
FX=F foral t>0,

where F? = (F?);>0 is the filtration generated by 6.
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We have seen in Proposition 3.8 that (6;);~¢ is a regular time-change of a circular
Brownian motion. Propositions 2 and 3 of [21] together immediately imply that
the natural filtration of any regular time-change of a circular Brownian motion is
Brownian.

Hence F? is Brownian, and it follows that FX is Brownian. O

We now use the fact that a weak solution of (3.2) generates a Brownian filtration
to complete the proof of Proposition 2.27, showing that the weak and strong value

functions are equal at the origin in the intermediate growth regime.

3.5 Proof of Proposition 2.27

Fix a probability space (Q, F. ]?’) on which a R-valued Brownian motion B is defined
with natural filtration F? = (F?);>o. We know that there exists a weak solution
(X, W), (Q, F,P),F) of (3.2) by Theorem 4.3 of [41]. We will show that there
exists an FB-martingale X that is equal in law to X. This is the key step required
to complete the proof of Proposition 2.27.

We will make use of the notion of isomorphims between filtered probability
spaces in the following proof. We take the following definitions from the paper [22]

of Emery and Schachermayer.

Definition 3.11 (Isomorphism). Given a probability space (2, F,P), denote the
set of random variables on that probability space by £°(Q, F,P). An embedding of
(Q, F,P) into another probability space (Q, F,P) is a map

UL, F,P)— L°(Q,F,P)

that commute with Borel operations on random variables and preserves probability
laws.
An isomorphism from (Q, F,P) to (2, F,P) is an embedding that is bijective.

Remark 3.12. We follow the same convention as in [42] and also write ¥ for the map

in the above definition acting on sigma-algebras, stochastic processes and filtrations.

Definition 3.13. Two filtered probability spaces (2, F,P,F) and (Q, F, P, F), with

F = (F)i>0 and F = (F;)s>0, are isomorphic if there exists an isomorphism
U L%, Foo, P) = L2(Q, F oo, P)

such that U(F) = F.
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In [42], Laurent gives similar definitions to the above for filtrations in discrete

negative time. We will refer to results from [42] in the following proof.

Proof of Proposition 2.27. We have already proved the result for dimensions d > 3
in Lemma 2.28. We now fix d = 2, as in the rest of Chapter 3. In Lemma 2.29, we
showed that v"'(0) = V(0). It remains to show that v¥(0) = V/(0).

Fix a probability space (Q,Ji— , If”) on which a R-valued Brownian motion B is
defined with natural filtration F? = (FP);50, and recall the definition of the con-
trol set U from the definition of the strong formulation of the control problem in

Section 1.4.1. We will construct an FZ-martingale X” such that, for any ¢t > 0,

t
Xf:/ s dBs,
0

for some v € U, and

E? [ / " ) ds] —2 f "ef(e) e

As noted in the proof of Lemma 2.29, Theorem 4.3 of [41] gives us a weak solution
(X, B, (2, F,P),F) of the SDE (3.2). By Corollary 3.10, the process X generates
a Brownian filtration. That is, there exists a Brownian motion W on the probability
space (92, F,P) with natural filtration F" = (F}V);>0 such that the natural filtration
of X is equal to F".

Since B and W are both R-valued Brownian motions, they have have the same

law and so, as noted in Section 1.6 of [42], the filtered probability spaces
(Q,F,P,FB) and (Q,F,P,FV)
are isomorphic, as defined in Definition 3.13. That is, there exists an isomorphism
U LOQ, FY P) — £0(Q, FEP),
as defined in Definition 3.11, such that
U(FY) = F5.
Define a process X on the probability space (€, FB P) by

(Xt)i=0 = ¥ ((Xi)i0) -
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For any t > 0, we have that ¥(F") = FF and
U L0Q, FYP) — L9, FPP)

is an isomorphism, as noted after the definition of an isomorphism in [22]. Therefore,
since X is adapted to F"W, it follows that X is adapted to F5.
Now fix 0 < s < t. Then we can use Lemma 5.3 of [42] to apply the isomorphism

U to a conditional expectation and, since X is an F"-martingale, we see that

B | X, | FE] = BP [w(x,) | w(F))
= V(B [X [ 7T])
= U(X,) = X,.

Hence X is an FB-martingale. By the definition of an isomorphism in Definition 3.11,
we also have that the processes X and X are equal in law.

We now apply the martingale representation theorem, as found for example in
Theorem 3.4 of [51, Chapter 5]. This result implies that ¢ — X, is continuous and
there exists an FZ-progressively measurable R-valued process o such that, for any

t > 0, we have the representation
R t
%, = / 7, dB,. (3.8)
0
We can also deduce that X has quadratic variation ¢t — (X); = t, as follows. We

know that the quadratic variation of X is t — (X); = t, and so ¢t — |X,|* — ¢ is an
FY_-martingale. Using Lemma 5.3 of [42] again, we calculate that, for any 0 < s < t,

EF UX} Ty ] ff} = B [w(x,?) | W(FY)] —t

=0 (EF [| X, | FV]) —¢

= WX+t s)
2

:\5(3 s

2 ~

Hence t — )N(t‘ — t is an FP-martingale and so, for any ¢ > 0, (X); = ¢. From the

representation (3.8), we also have that
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Hence Tr(2427, ) = 1, for any t > 0, and so 7 € U.
We can now follow the same arguments as in the proof of Lemma 2.29 to complete

the proof of Proposition 2.27. Since the process X has the same law as X, we have

B { L ds] R { e ds} —2 [ ¢

Therefore, we can make a similar calculation as in the proof of Lemma 2.29 using

the dynamic programming principle to see that

PO <8 | [ a0 (%)
= "ef©)ag+ Vi),

for any y € D such that |y| = n.
Using (2.31), we also have that, for any y € D with |y| =7,

v5(0) > 0" (0) > V(0) = 2 / "ef(e)de 1 V().

We conclude that

]

We have now shown that the strong and weak formulations of the control problem
are equivalent. In the remainder of this chapter, we will prove two results that
support Conjecture 3.5, which asserts that there is a gap between the strong and
Markov value functions.

In the next section, we will show that the SDE (3.2) has no strong solution,
and so the Brownian motion that generates the natural filtration of a weak solution

cannot be the driving Brownian motion of the SDE.

3.6 Non-existence of strong solutions

The proof of non-existence of a strong solution in Theorem 3.4 will rely on the fol-
lowing property of the angle process that arises from the theory of circular Brownian

motion discussed in Section 3.3.

Lemma 3.14. Let W be a real-valued Brownian motion with natural filtration
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(F)is0 and let ¢ be an R /2w Z-valued process. Suppose that ¢ satisfies

t t
/d@:/ rm2dW,, forall 0<s<t,

where the random variables on the left-hand side are defined analogously to those in
Definition 3.6.
Then ¢ cannot be adapted to (F}V)i>o.

Proof. Suppose for contradiction that ¢ is adapted to the natural filtration of W.
Define the regular time-change a : R — (0,00) by a(t) = €' for all t € R, as in

the proof of Proposition 3.8, and denote the time-changed processes

(qgt)teR - (¢a(t))t>07
(Wt)teR = (Wa(t))t>0~

Since the time-change is deterministic, the natural filtrations (ﬁf )ter and (ﬂw)teR

of the time-changed processes g5 and W are given by
FP = fj(t), FV = f(%), for all t e€R.

Hence ¢ is adapted to (F}")ser.
By the same arugments as in the proof of Proposition 3.8, ¢ is a circular Brownian

motion for (F}V)ier and, for any s,t € R with s <t,

/: dd, = /:a(r)—é aw,. (3.9)

To arrive at a contradiction, we will exploit the following property of circular
Brownian motion proved in Proposition 1 of [21].
Let (H,)er be the innovation filtration of ¢. Recall that, for each ¢t € R, H, is

the sigma-algebra generated by the increments of qg up to time t; i.e.

Ht:za<{g55—q5r: —oo<7‘§s§t}>.
Then we have
H,CF CFY, teR

In fact, the first inclusion must be strict, as we now show. As remarked in
Section 3.3, Proposition 1 of [21] tells us that, for each ¢ € R, the value of the

circular Brownian motion gzgt is uniformly distributed on [0, 27) and, moreover, ét is
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independent of H,,. Hence, for each t € R,
H CFPC R (3.10)

Fix 0 < s < t. Then, using the relation (3.9), we can deduce that the increment
W, — W, = / a(r)z do,

is ‘H;-measurable.

Now, taking the limit as s — —oo, W, = W, — 0 almost surely, and so W, is

‘H,;-measurable. This implies that
«l_:;fW g Hta

contradicting the strict inclusion in (3.10). O

We are now ready to prove Theorem 3.4, showing that the SDE (3.2) has no

strong solution starting from the origin.

Proof of Theorem 3.4. As noted after the statement of the theorem, the existence
of a weak solution is proved by Larsson and Ruf in Theorem 4.3 of [41]. We now
prove non-existence of strong solutions.

Suppose for contradiction that there exists a strong solution X of the SDE (3.2)
with initial condition Xy = 0. Then X is adapted to the filtration (F2);0; i.e

FrXCFE t>o0. (3.11)

Let @ be the angle process of X. Then, since 6 satisfies (3.7), we have

t t L
/dQT:/ r~2 dB,,

for any 0 < s < t. Therefore, by Lemma 3.14, 6 is not adapted to (F}?);>o.
We have already seen in the proof of Corollary 3.10 that

Fi=F~ foral t>0.

Therefore X is not adapted to (F);>¢. This contradicts the inclusion (3.11). Hence
the SDE (3.2) has no strong solution starting from the origin. O

Having proved Theorem 3.4, we note that this supports Conjecture 3.5, as it
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rules out one way of constructing a Markov control that could be used to adapt the
proof of Lemma 2.29. In Section 3.8, we will derive the form of other SDEs whose
solutions have deterministically increasing radius and could therefore play the same
role as solutions of (3.2). Proving that these SDEs also have no strong solution is a
necessary step in proving the assertion of Conjecture 3.5.

Furthermore, we need to check whether there exist strong solutions of SDEs that
approximate the desired behaviour at the origin. The result in the following section

provides a partial negative answer to this question.

3.7 Additional SDEs without strong solutions

In order to further support Conjecture 3.5, we will show that the following SDEs

have no strong solution.

Theorem 3.15. Let B be a one-dimensional Brownian motion and let A € (0, \/75)

be a fized constant. Then there is no strong solution of the SDE

1 |AX) — V1= 22X?
dX; = — ‘ ‘1dB;  Xo=0. (3.12)
| Xe| [AXZ + V1= A2X]

Before proving this result, we explain the relationship to Conjecture 3.5. As
noted in Remark 2.25, the approximation used in Proposition 2.24 is not valid under

the assumptions of Conjecture 3.5, since for f (s)ds = oo for any r > 0. However,
V2
2
process X* is finite and approximates the value V' (0) in the limit A — 0. We will

we will show that, in the regime A € (0, %2), the expected cost associated to the
work with the radius process to calculate this expected cost.

We first observe that the squared radius process can be rescaled to a squared
Bessel process, as defined in Definition 1.1 of [51, Chapter XI|. We will show that
the event of returning to the origin before leaving the domain satisfies the following

zero-one law. For A < ‘/75, X? returns to the origin with probability zero; for A > */75,

V2

X? returns to the origin with probability one. The critical value A = 5= corresponds

to the 2-dimensional squared Bessel process.

Proposition 3.16. Let A € (0,1) and suppose that X* solves the SDE (3.12). Write
7} = ‘Xt)‘|2 for any t > 0 and define the rescaled process Z* by Z{\ = Z\-2.

Then Z* is the square of a d-dimensional Bessel process started from 0, where
§=\"2
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Moreover, defining 73 = inf{t > 0: Z} = 0}, we have

0, Xe (0,2,
IP’O[7'0<OO]: ( 2]
1, Ae(¥2,1).

Proof. Applying 1to’s formula, as in Lemma 2.2, we see that Z* satisfies
dZ}) = 2\ Z*,dB, + dt,

with Z3 = 0. Note that
t— Bt = )\B)\72t

is a standard Brownian motion. Therefore, for any ¢ > 0,

t
Z) = 2/ \/ Z2dB, + A7t
0

Set § = A2, Then, referring to Definition 1.1 of [51, Chapter XI], we see that Z* is
the square of a d-dimensional Bessel process.
Now suppose that A € (0, ‘/75], so that

§=\"2>2

The discussion in [51, Chapter XI] that immediately precedes Proposition 1.5 tells
us that the set {0} is polar for Z*. By the definition of a polar set given in Definition
2.6 of [51, Chapter V], we have that Z* almost surely never returns to the origin in
finite time, and the rescaled process Z* has the same property.

On the other hand, suppose that \ € (‘/75, 1). Then

§=\2<2,

and so, by the same discussion in [51, Chapter XI], Z* returns to the origin in finite

time with probability 1. Again the rescaled process Z* has the same property. [

Remark 3.17. Let A € (0, ‘/75] and Define the process R* by R} = |X}|, for t > 0.
By Proposition 3.16, Z* almost surely never returns to the origin after time 0.
Therefore, we can apply [t6’s formula to R} = /Z} to calculate that R* satisfies

12
dR} = XdB; + ———dt; Ry =0. (3.13)

We note that the SDE (3.13) has a unique strong solution after time zero. This
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can be proved by adapting the standard proof of existence and uniqueness for SDEs
whose coefficients are Lipschitz and have linear growth, as found for example in

Theorem 2.9 of [38, Chapter 5.

We now return to calculating the expected cost in the regime A € (0, ‘/75)

Proposition 3.18. Suppose that the growth condition (3.3) holds and let n > 0 be

such that f~ is decreasing and positive on the interval (0,1).
For \ € (0, ‘/75), if X* is a strong solution of the SDE (3.12), then

0<E° {/Tnf(Xg‘) ds} < 00,
0

_ 2/0"§f<§> a

Proof. Fixr,e € (0,n) such that 0 < ¢ < r < 7. We will calculate E" UTEAT” F(X2)ds]
and show later that

[/ FXY) dt} = lim lim E" {/TEATnf(Xt)\)dt}.
r—0e—0 0

Let m be the speed measure of R* and G the Green’s function, as defined in

and, moreover,

lim E° U f(X2)ds
0

20

Definition B.3 and Definition B.4, respectively. Then, by Proposition B.5,

o /Ow"ﬂx*)ds} E [/OW"ﬂm jas| = [ Fecmias),

The speed measure m is given by

ot [ 2

for some constant ¢, and the Green’s function G : (¢,7)> — R is given by

C—(l—/\’l))\2 (527)‘_2—52*>‘_2) <n27>\_2_r27)\—2)
G(T 5) = 2271 L 712_’\__22752—)\__22 L, ) g S [€7T]7
’ e—(1=a"hy2 (7“2*A —g2—X )(n%k g2 )
et —, €€l
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Therefore, we calculate that

, Te Ny N
E {/0 f(XS)ds]
2-272 _ 22" 2 r ~
- 2>\22_ 122—)\ 2 2 A2 </ éf d£ - 8 2/8 g)\_271f(£) df) (314)

2-\"2 _ 2-)272 ) - n o
+2X3_J;A4_i2k20%*/"8 *ﬂ@dé—/eﬁ@ﬁm).

We now take the limit as € — 0. The limits

gglﬁ@&aM{$[827@%

are finite under the growth condition (3.3), since A™2—1 > 1. Also, since 2— A2 < 0,

we have ., .
y nQ—A _ P2 .
im =
&LO 7]2 ™ 2 62—)\72 ’
and
2-\"2 2-\"2 2—-\"2 2—\"2
n - 222 _ .1 -7 222 2-)\"2
lim ———————¢ = lim 53 =7 —n .
el n — g4~ el0 (ﬂ) - -1
1>

Therefore the limit of the first term in (3.14) is

2 772_)\2 270 N
]ﬁwuupw_2m(/ﬁ Jdg — e /s'ﬁ@%)
_ 2 2—)\72 A2 1
_2)\2_1<77 lell%l/ 13 €)d¢.

Under the growth condition (3.3), noting that 8* € [1,2) and so A™2 — 8* > 0, we
find that there is a constant C' > 0 such that

/: SA72_1]%5) d¢ < C/: 18" e

o O T}\—Qiﬁ* . 8/\_27'8*
A2 = B*

0 C — *
=t - ———

-2 /8*
Considering the second term in (3.14), we have

) =2

’ 7"2 A 52 A .
11m — =
cl0 p2ATE 222 ’
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and so
1_ Er TE/\T" XA < 2 C 27}\72 )\727,8* 27,3*
BT, S _2)\2—1)\—2— *(” )

g (0 [ rone [lgiow)

Note that A=2 — 3* > 0 and 2 — 3* > 0, so the first term in the sum vanishes in
the limit r | 0.
Again, using the growth condition (3.3),

i [ €7(©)c = [ ef©)ac € (=oc.00),

and, for some constant C’ > 0,

[ L Eye /T" oo g

- A—_2C_/ B+ (=)

rl0 O, )\—276*.

5 5*77
Therefore

Il Vo nf(XSA)dS] 1—2)\2 (/ 1 ﬁ* w*)' (315)

We now prove that

n Te \Tn
E? { / FX) ds} = 11%1 hﬁ} E { / FX) ds} .
0 TWoe 0

First we consider the limit ¢ | 0. We showed in Proposition 3.16 that P" [ry < 7] =

0. Therefore, with probability one,

/ T R ds = |7 e as

Te NTn Tn
lig)l f(X))ds = / f(X2)ds, almost surely.
& 0

and so

Since f > 0 in the ball B, (0), the integral inside the limit is monotone increasing

as € decreases to zero. Therefore we can apply the monotone convergence theorem
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lim B [/0 "f(Xg)ds} _E [/Onf(xj) ds]

We now wish to take the limit as r | 0. By the Markov property, we have

e | [ o] - | [ " ).
/:f<X3>d = [T es as.

where the convergence is monotone, since f is positive in B, (0). Therefore we can

to see that

We also have that

apply the monotone convergence theorem again to get

lim B M f(Xj)ds} _ [ UO f(Xj)ds} .

Now, for any A € (0, ‘/75), the bound in (3.15) gives us

2 '
O<EOV fyd } 2>\2/§f —2)2)\ 2 - ﬁ*nw«)o'

Taking the limit as A | 0, we have

TU n -
e | [ reeas] <2 [Tere as

To conclude the proof, we refer to Lemma 2.29 to see that we have the reverse

2| [ reeas] 2 e | [ roeas] 22 [ e ac

for any \ € (0, */75)

Hence

inequality

im E° [ [ e ds} ~2 ["efte)ae. .

Proposition 3.18 shows that, if there exist strong solutions of the SDE (3.12)
for all A € (0, */75), then we can take a sequence of such processes for values of
A approaching 0 such that the associated expected costs approximate V(0). This
would disprove Conjecture 3.5, since any strong solution of (3.12) gives rise to a

Markov control.
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We now turn to the proof of Theorem 3.15, where we show that such strong
solutions do not exist. Here, the angle process of a solution of (3.12) is no longer a
circular Brownian motion, as was the case for solutions of (3.2) in Proposition 3.8,
but this process does have similar properties. We will show that, conditioned on the
value of the radius, the angle process is uniformly distributed and independent of
its increments. Here, we adapt Emery and Schachermayer’s proof that the value of
a circular Brownian motion at any time is uniformly distributed and independent of
its increments from Proposition 1 of [21]. We will deduce the result of Theorem 3.15

from the following proposition.
Proposition 3.19. Fiz A € (0, ‘/75) For any weak solution (X, W), (2, F,P),F)
of the SDE (3.12), let R be the radius process and 6 the angle process, so that we

can write

Xe =Ry

COoS Gt] £ 0

sin 975

Denote the hitting times of R by
7, = inf{t > 0: R, = p}.

Then, for any p > 0,
05, ~ Unif[0, 2).

Moreover, 0., is independent of
Hoo i =0 ({0 —05: 0 < s <t <o0}).

To prove this result, we will require the following technical lemma on the distri-

bution of increments of the angle process.

Lemma 3.20. Let 0 be the angle process defined in Proposition 3.19 and fix p > 0.
Then, for any ¢ € [0,2m),

P [(&p - 97271;)) e{p+2mm, me Z}} < 1.
Proof. Suppose for contradiction that there exists ¢ € [0, 27) such that
P [(9 - eﬂﬂp) e {p+2mm, me Z}] — 1. (3.16)

Let R be the radius process defined in Proposition 3.19 and recall that R satisfies

the SDE )

2R,

AR, = AdW, + dt; Ry =0. (3.13)
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By It6’s formula, we calculate that 6 satisfies
df; = V1 — X2R; 1AW, — A1 — \2R; 2 dt. (3.17)

We will use a coupling argument to arrive at a contradiction. Consider two indepen-
dent weak solutions (R',0'), (R? 6*) of the SDEs (3.13) and (3.17) on a common
probability space. For ¢ = 1,2 and any r > 0, denote the hitting time

7' =inf{t > 0: R} =r}.

Note that, as we observed in Remark 3.17, the SDE (3.13) for R has a unique strong
solution after the first hitting time of radius 27'p. Therefore, given the value of ¢
at this radius, the process 6 is uniquely defined via the SDE (3.17). Hence all weak
solutions of the SDEs (3.13) and (3.17) must have the same law after the first hitting
time of radius 27 !p.

Fix ¢!, ¢? € [0,27) such that ¢! # ¢? mod 27, and shift ' and 6% to define

0 =0l vt — 0L and 6 =02+ y? 6%

p p

Then, at the first hitting time of radius 27!p, the values of the processes 6¥" and
0¥ are almost surely equal to 1! and 12, respectively, and these shifted processes
still satisfy the SDE (3.17).

Suppose that there exists some radius n € (271p, p) such that

1 2
0", :0:%.

n

Then we can couple the two processes as follows. Define 6 by

2
3 H;ﬁ , t < 7'3,
t = .
[ 2
HT}]_T%H, t >y

Then we see that the trajectories of (R',6%") and (R?2, ) coincide on the set (1, R) x
[0,27). Moreover, by the Markov property, the process 6 still satisfies the SDE
(3.17). Therefore, by condition (3.16),

92’: =y'+¢ mod 2,
QNTP =y’ + ¢ mod 2r.

But, by our choice of 1!, 4?, the above values are not equal, contradicting the
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coupling of the trajectories. This shows that, on the set (271p, p) x [0,27), the
supports of (R',6¥") and (R?,6%") must be disjoint.

Since our choice of the shifts ¢! and 1) was arbitrary, the only feasible supports
of (R',6¥") are the rays connecting the points (27'p, ") and (p, "), for i = 1,2.
This would imply that 6%" and 6¥° are deterministic, but this is not the case for
A< L

Hence there is no ¢ € [0, 27) such that (3.16) holds. O

We now use this lemma to prove Proposition 3.19 on the uniformity and inde-

pendence properties of the angle process.

Proof of Proposition 3.19. Recall that R satisfies the SDE (3.13) and 6 satisfies the
SDE (3.17).

Fix p > 0. We show that 6, is uniformly distributed on [0,27) by using the
characteristic function of the random variable 0., on the torus, following the proof
of Proposition 1 of [21]. For any ¢ € R/27Z and k € Z, define the characteristic

function
er(¢) == exp{iky}, forany y € R suchthat y=¢ mod 27.

Fix k € Z\ {0} and p; > 0. We aim to show that Elex(0,, )] = 0.
Let po € (0, p1). Then, writing

Tp1
97’91 = 6)7#0 +/ d@s,

PO

we have

|]EP [ek(eTm )” = }EP [ek<97p0>ek(97'p1 - HTPO):| ‘ :

In order to break up the expectation on the right hand side into the product of
expectations, we use the following conditional independence. We see that future
increments of # depend only on the history of # through the current value of R,

since R is Markovian. That is, for any s < u < v,
0, — 0, conditioned on o(R) is independent of ]:59 )

Now note that, taking s = 7,,, the o-algebra o(R,, ) is trivial, and so future incre-
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ments of # are independent of ffpl, without any conditioning. Hence

EP [ek(QTﬂo)ek<ngl B 87—00)] - EP [ek(e’rpoﬂ EP [ek(eTm B QTPO)} : (318)

We will now consider the increment 6, —6. . We claim that, for small radii po,

the value of this increment approaches a uniform distribution on [0, 27). We show

Tp1

this by using a scaling argument, as follows.
Fix a > 0 and rescale time by defining s := at for t > 0. Then, for ¢ > 0, define

BSi=a*B, R =oiR, 0:=0,

s

so that
ds =adt, and dB®=a?dB,.

We can calculate

and
dA® = V1 — XN2R; Y dB, — \W1 — X2R; 2 dt
— Vi (a*%ég) TahdBe - AW (of%feg) ~ ol ds
Vi (Rg)l dB — \WI— 2 (Rg) s,

And so, after rescaling, (R*, B*) and (6%, B*) satisfy the same SDEs (3.13) and
(3.17) as (R, B) and (0, B).
For:=0,1, let 7:[?1_ be the first hitting time of p;, by R? starting from the origin.

Then we have the following equality in distribution:

0, —0

_ po _ po _ _
Tpg 97:\0/5;71 971?/&’)0 07\/@71 QT\/EP()’

Tp1

where the first equality holds pointwise by rescaling, and the second equality holds
in distribution because the rescaled processes satisfy the same SDEs as the original

processes.
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Moreover, recalling our observation that increments of # between hitting times

of R are independent, we see that the increments

0. —0. and 6

Tp1 0 TVapy TVepg

are independent and identically distributed when /ap; < po.
Now let N € N and set py = 27V p;. We can write the increment of # as a sum

of i.i.d. random variables

and so

By Jensen’s inequality,

2

<1, (3.19)

[ e (B, =)

with equality if and only if there exists ¢ € [0,27) such that

P [(9 - 97271“) c{p+2tm, me Z}} ~1.

By Lemma 3.20, no such ¢ exists, and so the inequality (3.19) is strict. We then
have that

B [ex (65, — 02,0)]] = [E7 [ex (60, — 00, )] )N Nooe ),

Returning to our calculation of the characteristic function of ; in (3.18), we have

|E[P [6k(67ﬂ1 )” - |]EP [ek(anoﬂ EP [ek(eTpl o 07’90>:H
S ‘EP [ek(ng - 07—/’0 )} |

0
LN

Hence 6., is uniformly distributed on [0, 27).
We now show that 0;, is independent of H., the sigma-algebra generated by
all increments of 6.

Let (pn),ey be a decreasing sequence such that p, > 0, for all n € N, and
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lim,, o pn = 0. For each n € N, define
H =0 ({0, —Ou: 7, <u<uv}),

the sigma algebra generated by all increments of 8 after the first hitting time of p,,.

Recalling that we are working with filtrations that satisfy the usual conditions,
we have that Hoo = \/, oy H", since 7,, — 0 almost surely as n — oo. Therefore,
by martingale convergence (see e.g. Theorem 4.3 of [55, Chapter VII]),

E [ex (6r,, ) H"] == ET [ex (6r,, )| Hoc]

Tp1

in £! and almost surely.

We now fix n € N and consider

[E” [ex (0r,, )| H"]| = B [ex (0r,,) ex (0r,, — s, )| H"]]-

By the same conditional independence arguments as we used in the proof of uni-
formity, 0., is independent of H". Since 7, > 7, pointwise, 0, — 0, is H"-

measurable. Therefore

|]E]P> [ek (eTpn) €k (97'01 - eTpn)‘Hn] | - ’61“ (97'#1 o 97’9n>| |IE]P> [ek ((9.,-%)} ‘

= [E" [ex (0r,,)]]
=0,

by the uniformity of 0, .
Hence
|E" [er, (6-,)|H"]| =0, forall neN,

Tp1

and so, by martingale convergence,

E" [ex (0-,, )| Hoo] = 0.

Tpl

Taking Y to be any bounded H,,-measurable random variable, we then have
B [Ver (0,)] = B [VE [ex (6, )] = 0

Hence QTPI is independent of H . O

We now apply the independence result in Proposition 3.19 to conclude that the
SDE (3.12) has no strong solution.
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Proof of Theorem 3.15. Suppose that X is a strong solution of the SDE (3.12). Then
there is an R, -valued FP-adapted process R satisfying the SDE (3.13) with Ry = 0,
and an R/27Z-valued FP-adapted process 6 satisfying the SDE (3.17) such that

Xi =Ry

sin 9,5

cos 91 £ 0

Fix p > 0, and recall the definition
7, :=inf{t > 0: R, = p}.

Then, by Proposition 3.19, 6, is independent of H.
Under our assumption that @ is adapted to FZ, this implies that

M., CF CFL. (3.20)

=

However, we claim that B is adapted to H.

To prove this claim, observe that, for any 0 < s < ¢, the random variable

O 0= [ R

is H;-measurable. Since R, > 0 almost surely for » > 0, as we proved in Proposi-
tion 3.16, R; is also H;-measurable.
Now, from the SDE (3.13), we have that

— )2
2R,

t
1
R, — Ry, = \(B; — Bs) + / dr,
and so B; — B, is Ff—measurable. Since B, — 0 as s — 0, we can conclude that

FPCFRCH,. (3.21)

Setting ¢t = 7, and combining the two inclusions (3.20) and (3.21), we arrive at the

following contradiction:
B R 0 B
Fo CFD CH, CFL CFL.

Hence there is no strong solution of the SDE (3.12). O

121



3.8. DiscussiION OF CONJECTURE 3.5

3.8 Discussion of Conjecture 3.5

Theorem 3.4 shows that, for a one-dimensional Brownian motion B, the SDE

1 [-x?
dXt = m [ th ] dBt (32)

has no strong solution starting from the origin. Therefore we cannot immediately
adapt the proof of Lemma 2.29 to the case of Markov controls. However, in order
to prove that Conjecture 3.5 holds, we would need to show that, for any other SDE
of the form

dXt = O'(Xt) dBt, (322)

there is no strong solution starting from the origin that has the same expected cost.

The key property of the SDE (3.2) is that any solution of this SDE has a deter-
ministically increasing radius, as proved in Lemma 2.4. In Proposition 3.21, we will
derive the form of SDEs (3.22) that have this property and we will show in Corol-
lary 3.22 that any such SDE can replace the SDE (3.2) in the proof of Lemma 2.29.

Proposition 3.21. Let (2, F,P) be a probability space on which an R?-valued Brow-
nian motion is defined with natural filtration FB. Suppose there exists a Borel func-
tion 0 : D — U such that the SDE

dXt = O'(Xt) dBt, XO = O,

has a strong solution X with t — |X,| deterministically increasing. Then there exists
a Borel function v : D — {x € R?: |z| = 1} such that, for any x = (x1,29)" € D,

o(z) = — [‘] Wz)T.

|x| T

Moreover, | X,| = v/t, for all t > 0.

Proof. Let t > 0. Since X is a continuous R%-valued FZ-adapted martingale, we can

cos Qt]

sin 9,5

write

Xi =Ry

for continuous FZ-adapted semimartingales R and #, where R takes values in [0, co)
and 0 takes values in R/27Z. We call R the radius process of X and 6 the angle
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process. We can then write

dR, = o) dB, + B, dt,
df, = ¢, dB, + & dt,

for some FZ-adapted R?-valued processes «, ¢ and FP-adapted R-valued process £3,
£.
In order for R to be deterministic, we must have o = (0,0)". Then, by Ito’s

formula, we have that

dX, — (ﬁt - %Rt |Ct’2) cos t — (fth + a:@) sin 6, gt
t - .
(5t - %Rt ‘Ct‘2) sin 6, + (&Rt + atTCt) cos 0,
[COS eta;r - Rt sin HtCtT

dB 3.23
sin 0, + R, cos HtCtT ! ( )

— Rt sin Qt gtT

dB;.
R, cos HtCtT !

_ (ﬁt — %Rt |Ct|2) COS Ht — gth sin Ht dt I
(5t — 3Ry ‘Ct‘z) sin 6 + & Ry cos 0,

Since X is a martingale, the drift term must vanish, and so we have the two

equations

1 )
(51& - §Rt |Ct|2) cos Oy = &R, sin 0y,

1 )
(515 - §Rt |<t|2> sin 0, = —& Ry cos 0.

Multiplying the first equation by cos#; and the second by sin 6, and summing, we
get that

1
B — §Rt |Ct]2 = &Ry (sin 0y cos 0, — cos b, sin ;) = 0. (3.24)

Hence
&Rysin, = & Rycosy =0, forall ¢>0,

and so £ = 0.
We now impose the unit quadratic variation condition. From (3.23), we have
that

o(Xy) =

— Ry sin 6,¢,"
R; cos QtCtT '
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And so, since 0 € U,

— Ry sin 0,

Tr
Rt COS Qt CtT

.
—Rysin6,¢7 _,
Ry cos 0,¢) o

This can be rewritten as
R? ¢ (sin 6} + cos6;) = 1.

Therefore .
|G| = E
Substituting this back into (3.24), we also have

1

ﬁtzz—Rt-

We conclude that the radius R solves the deterministic equation

1
dR;, = —dt
t 2Rt ’

and so, given the initial condition Ry = 0, we find that
R, = V.
The angle process 6 is a martingale satisfying
6, = ¢ dB,,

for some process ¢ such that |(;| = R; .

Rewriting the matrix o(X};) in terms of X, we have

X2
o(Xy) = [Xlt] ¢

for some process ¢ satisfying |¢,| = | X;|™" for all ¢ > 0.
Noting that (; must be a Borel function of X;, we normalise ( and define a Borel

function v : D — R? such that

")/(Xt) = ‘Xt| Ct? t 2 O
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We then have

1

o(Xy) = m [

with |y(X)| =1 for all t > 0. O

We now verify that a solution of such an SDE can play the role of tangential

motion in Lemma 2.29.

Corollary 3.22. Suppose that X is a strong solution of an SDE of the form given
in Proposition 3.21. Let R > 0 and n € (0, R), and let f [0, R) be a continuous

function. Then
]EO ! f XS d =2 TeF dé

Proof. By Proposition 3.21, | X;| = v/t for any ¢ > 0. Therefore

o [ / ! f<|Xs|>ds] - / " Fe)ds
= "ef(e)ae,

making the change of variables £ = /s in the integral. O]

If the Markov value function is equal to the strong and weak value functions and
the value is attained by some Markov control, then by Proposition 3.21, taking B
to be an R%-valued Brownian motion, there must be a strong solution of the SDE

L [-xE] o
dXt:m X1 V(X)) dB, (3.25)
t

for some Borel function v : D — {z € R?: |z| = 1}, with X, = 0. A first step
in completing the proof of Conjecture 3.5 would be to show that there is no strong
solution of the SDE (3.25).

We would also need to show that there is no minimising sequence of Markov
controls whose limiting cost is equal to the strong and weak value functions. We

identified one possible minimising sequence in Proposition 3.18, by considering so-
lutions of the SDE

1 |2X) — V1= X2X?
dX;, = — t “| dB,, (3.12)
| Xi] | AXZ 4+ V1= 22X}

starting from the origin, for a one-dimensional Brownian motion B, and taking

the limit as A | 0. In Theorem 3.15, we showed that, for small parameter values
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A € (0, \/75), the SDE (3.12) has no strong solution starting from the origin, thus
ruling out one possible minimising sequence.
However, we could also construct minimising sequences from solutions of the

more general SDE

AX} — V1= N2X?
X, = —— g (X)) T dB,,
| Xe| | AXZ 4+ V1 = 22X]

for an R%-valued Brownian motion B and a Borel function v : D — {z € R?: |z| =
1}. We would therefore need to prove that such SDEs also have no strong solution
starting from the origin.

In summary, in this chapter, we have found two SDEs that do not have a strong
solution starting from the origin, as shown in Theorem 3.4 and Theorem 3.15. These
theorems give support to the assertion of Conjecture 3.5 that there is a gap between
the Markov and strong value functions at the origin for costs f that satisfy the

growth condition

/f(s)ds:oo and /sf(s)ds<oo, for any r > 0.
0 0

We have outlined above the remaining steps that would be required to prove the

conjecture in future work.
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CHAPTER 4

VISCOSITY SOLUTIONS OF
HAMILTON-JACOBI-BELLMAN EQUATIONS

Viscosity solutions of Hamilton-Jacobi-Bellman (HJB) equations are a key tool in
the study of stochastic optimal control problems. In Chapter 2, we solved a control
problem for continuous radially symmetric cost functions by constructing a candi-
date value function and showing that it solves the appropriate Hamilton-Jacobi-
Bellman equation in the viscosity sense. In order to prove that the candidate func-
tion is equal to the value function, we referred to Theorem 4.20, which states that
the value function is the unique viscosity solution of a boundary value problem for
the HJB equation.

In this chapter, we define the notion of viscosity solutions and prove Theo-
rem 4.20. In order to prove the theorem, we first show that the value function is a
viscosity solution of the HJB equation by applying the dynamic programming prin-
ciple from Section 1.4.2. We then prove uniqueness of viscosity solutions by using a
perturbation method to adapt a standard comparison principle, and finally we verify
that the value function satisfies the required boundary condition. We also discuss
a control problem with a discontinuous cost function and the associated viscosity

theory.

4.1 Introduction

A typical approach to solving a stochastic control problem, as described for example
in [26] and [58], is as follows. First conjecture an optimal control and compute the
value attained by following such a control, then verify that this candidate value

is in fact the value function for the control problem. The verification step can be
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made by directly checking that a dynamic programming principle holds, as in the
examples of Section 2.2, or more commonly via a PDE characterisation. Suppose
that Assumption 1.16 holds. As described in Section 1.4.4, we expect the value

function v defined in Section 1.4.1 to solve the boundary value problem

—Linf, .y Tr (D?>voo ™) = f, in D,
3 infoe Tt ) =1 (4.1)
v =g, on 0JD,

as a consequence of the dynamic programming principle (1.5). The PDE in (4.1)
is known as a Hamilton-Jacobi-Bellman (HJB) equation. If we have uniqueness of
solutions of (4.1), then to conclude that the candidate function is equal to the value
function, it is sufficient to show that the candidate solves (4.1). In this context, it
is appropriate to consider solutions of the HJB equation in the viscosity sense.

Viscosity solutions were introduced by Crandall and Lions in [14] to study
Hamilton-Jacobi equations; these are first order equations that arise in determinis-
tic optimal control problems, as described in Chapter I of [26]. Lions developed the
theory of viscosity solutions for second order HJB equations in [43], and viscosity
solutions of more general second order equations are studied by Crandall, Ishii and
Lions in their User’s Guide [13] and by Ishii and Lions in [36]. In both [13] and [36],
a comparison principle is proved for second order PDEs, from which uniqueness
follows. Viscosity solutions of HJB equations and the related comparison principles
are also presented by Fleming and Soner in [26] and by Touzi in [58].

We note that, since the HJB equation in (4.1) has no time dependence and
no direct dependence on the zeroth derivative, the comparison results from the
above references do not apply directly. The User’s Guide [13] suggests methods for
extending the comparison result that is presented there, and we will see that we can
use the perturbation method suggested in Section 5.C of [13] to prove comparison
for the HJB equation in (4.1).

The main result of this chapter is Theorem 4.20, which states that the value
function for the control problem defined in Section 1.4.1 is the unique viscosity
solution of the boundary value problem (4.1). We note that proving Theorem 4.20
will complete the proof of Proposition 2.15, where we referred to this result in order
to characterise the value function of the control problem.

In this chapter, we begin by defining viscosity solutions in Section 4.2. In Sec-
tion 4.3, we prove that the value function is a viscosity solution of the HJB equation.
This result follows from the dynamic programming principle that we established in
Section 1.4.3. We then prove a comparison principle for the HJB equation. We

do this in two stages. In Lemma 4.17, we provide the details of the perturbation
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method suggested in Section 5.C of [13]. Then in Proposition 4.19 we complete the
proof of comparison by choosing a specific perturbation that is suitable for the HJB
equation. Here we use the perturbation that is suggested for proving comparison
for a Monge-Ampere equation in Section V.3 of [36]. To complete the proof of The-
orem 4.20, in Section 4.5 we prove that the value function extends continuously to
the closure of the domain and satisfies the boundary condition v = g pointwise.
We conclude this chapter by discussing viscosity solutions of PDEs with dis-
continuous data in Section 4.7. Extending the definition of viscosity solutions to
allow discontinuous data, as in [11] or [12], our proof of comparison no longer holds.
Therefore, for the control problems with step cost functions in Section 2.2, we cannot
use the theory of viscosity solutions to verify the candidate value function. However,
we will show that the value function does solve an HJB equation in a generalised

viscosity sense.

4.2 Viscosity solutions

We first define viscosity solutions of second order PDEs, following [13] and [26].

Fix d € N and let D C R? be a domain. Denote by Sy the set of d x d symmetric
matrices, and let F : D x R x R? x S; — R be a differential operator. We are
interested in the PDE

F (z,u(z), Du(z), D*u(z)) = 0. (4.2)

As stated in the introduction of [13], we require monotonicity conditions on F
in the zeroth and second order derivatives. In the following, we equip the space Sy

of symmetric matrices with the usual partial ordering.

Notation. Let A and B be symmetric matrices of the same dimension. We use the
notation A < B to denote that A — B is a non-positive definite matrix. Similarly,
A < B denotes that A — B is negative definite.

Assumption 4.1. We assume that the following conditions are satisfied.
1. The operator F' is continuous in each of its arguments;

2. The operator F is proper; i.e. for any x € D, p € R? and X € Sy,

F(z,r,p,X) < F(x,s,p,X) for r<s; (4.3)
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3. The operator F is degenerate elliptic; i.e. for any x € D, r € R and p € R?,
F(z,r,p,X) < F(z,r,p,Y) for X >Y. (4.4)

Note that we allow for cases where we may have equality of the operator for
some X > Y. These cases are known as degeneracies and include the case

where [' does not depend on the second order derivative.

We now motivate the definition of viscosity solutions, as in Section 2 of [13].
Suppose that there exists a classical solution u of the PDE (4.2) and that ¢ is a
smooth function that sits above u at some point 2° € D; i.e. ¢(2°) = u(2") and
¢ > u in a neighbourhood of 2°. Then u — ¢ has a local maximum at 2°, which
implies that Du(z°) = D¢ (2°) and D?u(z?) < D?*¢(2°). By ellipticity of F, we have

F (2%, u(2"), D (2°), D*¢(2°)) < F(2°, u(2®), Du(z?), D*u(z”)) = 0. (4.5)
Similarly, for a smooth v sitting below u, we have
F (a:o,u(azo),Dw(xo),D2¢(a:0)) >0, (4.6)

at the local minimum z° of v — .

We use these two properties to define a weak solution of the PDE (4.2). We
say that a function u is a viscosity solution of (4.2) if any smooth functions sitting
above and below u satisfy the inequalities (4.5) and (4.6), respectively, without
the requirement that u is twice continuously differentiable. A viscosity solution is,
therefore, a generalisation of a classical solution. We give a precise definition of

viscosity solutions following Definition 4.2 of [26, Chapter II].

Definition 4.2 (Viscosity solution I). An upper semicontinuous function u : D — R

is a wviscosity subsolution of (4.2) if, for every smooth ¢ € C*°(D),
F (xo,u(xo),D¢(x0),D2q§(3:0)) <0,

at any point 2z € D that is a local maximum of u — ¢.
Similarly, a lower semicontinuous function u : D — R is a viscosity supersolution
of (4.2) if, for every smooth ¢ € C*(D),

F (2%, u(z"), D(a"), D*(a")) = 0,

at any point 2 € D that is a local minimum of u — .
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A continuous function u that is both a viscosity subsolution and a viscosity

supersolution of (4.2) is a viscosity solution.

We will find that a second equivalent definition of viscosity solutions will be more
convenient in some cases. This definition is taken from Definition 2.2 of [13] and is

given in terms of semijets, which we now define.

Definition 4.3 (Semijets). Given a set D C R? a function u : D — R and a point
2° € D, we define J5 u(z°) € R? x Sy, the second order superjet of u at z°, as
follows. We say that (p, X) € J5 u(2°) if and only if

1
u(x)<u(xo)—l—pT(x—xO)—i—§(x—x0)TX(x—a:0)+0(‘x—x0|2), as x — 2’

We define J3 u(z°), the second order subjet of u at z°, similarly. We say that
(p, X) € J3 u(z°) if and only if

1
u(a:)>u(xo)—l—pT(x—xO)—i—§(x—x0)TX(x—x0)+0(‘x—x0|2), as x — 2°.

For = € int(D), we define
J2 u(r) = J5Tu(z) and  J*u(z) = J5 u(x),

where O C D is any neighbourhood of z.

The following definition is the main definition of a viscosity solution given in [13].
It is also given as an alternative formulation of a viscosity solution in Definition 4.1
of [26, Chapter V].

Definition 4.4 (Viscosity solution II). An upper semicontinuous function v : D —

R is a viscosity subsolution of (4.2) if
F(z,u(z),p,X) <0 forall z€D,(p,X)e J; u(x).

A lower semicontinuous function u : D — R is a viscosity supersolution of (4.2) if
F(z,u(z),p,X) >0 forall z€D,(p,X)€ Jy u(x).

A wviscosity solution of (4.2) is a continuous function v : D — R that is both a

viscosity subsolution and a viscosity supersolution.

Remark 4.5. For F' continuous in each of its arguments, the semijets in the above

definition can equivalently be replaced by their closures, defined as follows.
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Notation. We use the notation 7§)’+ to denote the closure of the set Jl%’+ in R% x Sy;

ie. (p,X) € 725+ if and only if there exists (Z,,, Pn, Xn)nen C D x R? x Sy such that
(pn, Xn) € J5© foreach n €N,

and

(xna U(iUn),pn, Xn) TH—OO> ([L’, U(l‘),p, X)

The closure of the subjet 7%_ is defined similarly.

We also introduce the notation
Jh(x) == Jpt(x) N J5 ™ (2),

as in the appendix of [13], and we denote the closure of this set as 72D, where this is

defined analogously to the closures of the semijets.

Having presented two definitions of viscosity solutions, it is necessary to check

that they are equivalent. We make use of the following lemma.

Lemma 4.6. Letu: D — R, pe R%, X € Sy, andz® € D. Then (p, X) € J5 u(2)
if and only if there exists ¢ € C°°(D) such that

2’ € argmax(u — ¢) and (D¢(2"), D*¢(z")) = (p, X).

This result can be proved similarly to Lemma 4.1 of [26, Chapter V], which states
the analogous result for parabolic PDEs. We omit the details of the proof here.

Proposition 4.7. Definition 4.2 and Definition 4.4 are equivalent.

Proof. The equivalence of the definitions is an immediate consequence of Lemma 4.6.
]

4.3 Viscosity solution characterisation of the value

function

The main result of this chapter is Theorem 4.20 below, which states that the value
function for the control problem defined in Section 1.4.1 is the unique solution of
a boundary value problem for the associated Hamilton-Jacobi-Bellman equation.
Throughout this chapter, we suppose that Assumption 1.16 holds. In particular,

the conditions are met for the weak and strong value functions to be equal, as
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shown in Proposition 1.7, and so we refer to this common function as the value
function. It will be convenient to work with the strong formulation in what follows,

defining the value function v : D — R as in (1.4) by

v(z) = ;g{IEI [/OTf(X;’)ds—l—g(Xf) , weD.
In this section, we prove that the value function is both a viscosity subsolution and
a viscosity supersolution of the HJB equation.

Recall that, under Assumption 1.16, the following dynamic programming prin-
ciple holds, by Proposition 1.17. For any x € D and any stopping time 6 such that
0 € [0, 7] almost surely,

0
o(z) = inf B [/0 FXT)ds 4+ 0(X3) | . (1.5)

oceU

We showed in Section 1.4.4 that, under sufficient smoothness conditions, the value

function is a classical solution of the Hamilton-Jacobi-Bellman equation

1
— 5 inf Tr (D*voo™) — f=0, z€D. (4.7)
(S

We now show that, as a consequence of the dynamic programming principle,
the value function is a viscosity solution of the HJB equation (4.7) under milder

assumptions. We follow the same strategy of proof as in Section 7.1 of [58].

Proposition 4.8. Suppose that Assumption 1.16 holds and that f : D — R is
continuous. Then the value function v is a viscosity subsolution of the HJB equation

(4.7).

Proof. Let 2° € D, fix 0 € U and let X° be the controlled process following the
constant control o. Let ¢ € C*°(D) be such that ¢(z°) = v(2°) and ¢(x) > v(z) for
all x € N, where N' C D is an open neighbourhood of z°.

For h > 0, define the stopping time

O, :=inf{t>0: X7 € ON} Ah.

Since N' C D, we have the pointwise inequality 6, < 7 and so, by the dynamic

programming principle (1.5), we have

H(2°) = v(a®) < E” [ : ' fXY)ds +u(X7 )] - (4.8)
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Applying 1t6’s formula to ¢(Xg, ), we see that

$(2°) = E* [qb(xgh) - % /O " Tr (D*¢(X7)oo ") ds] . (4.9)

Subtracting expression (4.8) from (4.9) gives

2 otxg) —vxg)] <57 [ [ (00 + e (0oxniooT) ) as]

This inequality implies that

E*’ [/09 <f(X;’) + % Tr (Dng(X;’)aaT)) ds] > 0, (4.10)

since ¢ —v > 0 in NV, the process X has continuous paths and, by Corollary 1.13,
v is continuous on N.
Note that 8, = h for h sufficiently small, and so, since f is continuous and ¢ is

twice continuously differentiable, we can apply the mean value theorem to get

h—0 h

On
lim (f(Xg) + %Tr (ngb(X;’)aaT)) ds = f(a") + %Tr (D*¢(z%)o0 ") .
0

The integrand is bounded and the stopping time 6, is bounded above by 7, which
has finite expectation by Proposition 1.5. Therefore the integral is bounded above
by an integrable random variable independent of h. Hence we can apply dominated

convergence to take the limit inside the expectation and see that

1o [ [* 1 1

}llintl) EE”““ {/ (f(X;’) +3 Tr (D2¢(X;’)UUT)> ds} = f(a:o)—|—§ Tr (D*¢(2")oc ") .
- 0

Combining this with the bound (4.10) gives

-t (Do) < 100

and so we have the desired result. O]
Next we check the supersolution property.

Proposition 4.9. Suppose that Assumption 1.16 holds and that f : D — R is con-

tinuous. Then the value function v is a viscosity supersolution of the HJB equation

(4.7).

Proof. Let 2° € D and let ¢ € C*(D) be such that ¢(z°) = v(2°) and ¢(z) < v(x)
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for all z € N7, where N’ C D is some open neighbourhood of z°.
Define H : R x S — R by

H(z,X) = ! inf Tr (Xoo ') — f(z),

oeU

and suppose for contradiction that
H(z°, D*¢(2")) < 0.

Since H is continuous, there exists an open neighbourhood N of 2° such that A" C
N’ and
H(z, D*¢(x)) <0,
for all z € V.
Let v € U be an arbitrary control and define the stopping time

0 :=1inf{t > 0: X; € ON}.

Define
n:i= %1}\;1(1} —¢) > 0.

Then
P(Xgv) < v(Xgv) — 1, (4.11)

by continuity of the paths of X” and continuity of v, which was shown in Corol-
lary 1.13.
We now apply It6’s formula to ¢(Xg,) to see that

T [ v 1 " 2 v T
=E" |o(Xp) — 5/0 Tr (D*¢(XY)vsv, )ds}

< B o)+ [ (X D0 + 1) 0

6(x8) + " s ds} ,

using the fact that H < 0 on N, by continuity of H.

Finally, we use the inequality (4.11) to arrive at

ety <& g+ [ s as] -

0
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Since n > 0 is independent of the arbitrary control process v, taking the infimum

over controls in U gives
9V

veld

v(2°) < inf B [U(Xé’y) + f(X;’)ds] — .

0
This contradicts the dynamic programming principle (1.5).

Hence the value function v is a viscosity supersolution of the HJB equation. []

Combining the preceding two results, we see that, under Assumption 1.16 and
the additional assumption that the cost function f is continuous, the value function
solves the HJB equation (4.7) in the viscosity sense. We will see in Theorem 4.20
that the value function is in fact the unique viscosity solution of (4.7) that satisfies
the appropriate boundary condition.

In the next section, we prove uniqueness of viscosity solutions of a boundary

value problem for the HJB equation.

4.4 Comparison principle

The usual approach to proving uniqueness of viscosity solutions of a boundary value
problem is to prove a comparison principle for sub- and supersolutions, as in Section
3 of [13], and deduce from this the desired uniqueness result.

Returning to the general form of the PDE (4.2), let D C R and F' : D x R x

R? x S; — R. We wish to prove uniqueness of viscosity solutions of
F(z,u(z), Du(z)D*u(x)) =0, x € D, (4.2)

that satisfy a given boundary condition. To see that a comparison principle holds
for the PDE (4.2), we make the following standard assumptions, as in Section 3
of [13].

Assumption 4.10. Suppose that the following assumptions hold.
1. The domain D is open and bounded;
2. The operator F' is continuous in each of its arguments;

3. The operator F' is proper; i.e. F' satisfies

F(z,r,p,X) < F(z,s,p, X) for r <s; (4.3)
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4. The operator F' is coercive in the zeroth order derivative; i.e. there exists
~v > 0 such that

F(z,s,p,X) — F(z,r,p,X) > v(s—7r), for r<s; (4.12)

5. There exists a function w : [0, c0] — [0, oo], with w(0+) = 0, such that
F(y,ra(z —y),Y) = F(z,r,alz —y), X) Sw(a|z —y* + ]z —yl), (4.13)

for any o > 0, whenever X and Y satisfy the matrix inequality
10 I —I
— 3« [ ] < ] . (4.14)
0 I

-1 I
Remark 4.11. Note that (4.14) implies that X <Y. Therefore the fifth statement
of the above assumption is satisfied if (4.13) holds for all X < Y. In particular,
as noted in Example 3.6 of [13], if G : R x R? x S; — R is degenerate elliptic, as
defined in (4.4), f : D — R is continuous, and F' is of the form

X 0
0 -Y

< 3a

F(%,T’,p,X) = G(T,p,X) - f(ﬂ?),

then the fifth statement of Assumption 4.10 is satisfied.

We now state, but do not prove, the comparison principle that is proved in
Theorem 3.3 of [13]. In Section 4.4.1, we will adapt the proof given in [13] to

generalise this result.

Notation. For a domain D C R?, denote the sets of upper and lower semicontinuous
real-valued functions on D by USC(D) and LSC(D), respectively.

Theorem 4.12 (Comparison). Let D C R and F : D x R x R? x Sy — R satisfy
Assumption 4.10. Suppose that

u € USC(D) s a viscosity subsolution of (4.2),
v € LSC(D) s a viscosity supersolution of (4.2),

and
u<wv on OD.

Then

137



4.4. COMPARISON PRINCIPLE

As a consequence of this comparison principle, we can obtain uniqueness of

viscosity solutions of the Dirichlet problem

F (z,u(z), Du(z)D*u(x)) =0 in D, (4.15)
uw=g on 0D,

for some g : 9D — R. We define a solution of (4.15) as follows.

Definition 4.13. We say that u: D — R is a viscosity solution of the Dirichlet
problem (4.15) if w is a viscosity solution of the PDE (4.2) in D, u is continuous on
D, and

u(zo) = g(xo),

for all ¢y € 0D.

In this definition, we impose the boundary condition in a strict pointwise sense,
as in Section 4 of [13]. This allows us to deduce uniqueness for the Dirichlet problem

immediately.

Corollary 4.14 (Uniqueness). Let D C R and F : D x R x R4 x Sy satisfy Assump-
tion 4.10, and let g : 0D — R. Suppose that u and v are both viscosity solutions of
the Dirichlet problem (4.15). Then v =v on D.

Proof. Let u and v be viscosity solutions of (4.15). Then, in particular, u is a
viscosity subsolution of the PDE (4.2) and v is a viscosity supersolution of (4.2).
Furthermore, u = v = g on 9D, so u < v on @D. Therefore Theorem 4.12 tells us
that uw < v on D.

On the other hand, u is a viscosity supersolution of (4.2) and v is a viscosity
subsolution of (4.2). Again, since u and v both satisfy the boundary condition in
(4.15), v < u on AD. Therefore, by Theorem 4.12, v < u on D.

We conclude that u = v on D, and so any viscosity solution of the Dirichlet

problem (4.15) is unique. O

As noted in the survey paper [37] of Jensen and Smears, it is possible to prove
comparison principles for viscosity solutions when the notion of boundary conditions
is relaxed. For example, weaker definitions of boundary conditions for viscosity
solutions are given by Barles and Souganidis in [2] and by Crandall, Ishii and Lions in
Definitions 7.1 and 7.4 of the User’s Guide [13]. These definitions allow for viscosity
solutions that do not attain the boundary conditions continuously. However, in this
thesis it will be sufficient to consider viscosity solutions that are continuous on the

closure of the domain D.
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Remark 4.15. We make the following remarks on relaxing each statement of As-

sumption 4.10.

1.

In Section 5.D of [13], the authors adapt the proof of the comparison principle
to the case of an unbounded domain, under linear growth conditions on the
sub- and supersolutions u and v. Here we will always retain the assumption
that the domain D is bounded.

. We would like to relax the continuity assumption to allow for the case where

F is of the form
F('I7T7p7X) - G(T7p7X) - f(x)7

where GG is continuous in each of its arguments, but f may have discontinu-
ities. In Section 4.7, we give a definition of viscosity solutions that allows for
discontinuities of this type, but we have not been able to prove a comparison

principle for these solutions.

. We will always assume that F' is proper.

. To prove a comparison principle for the HJB equation (4.7), we will need to

relax the coercivity condition (4.12). We can see that the HJB operator F is

not coercive since, taking r,s € R with r < s,

F(z,s,p,X) — F(x,r,p,X)
1 . T 1 . T
= _5325 {Tr(Xoo")} — f(z) + E;rel[f] {Tr(Xoo ")} + f(x)
=0< 7(3 - 71)7
for any v > 0. Two methods to relax the coercivity condition (4.12) are
presented in Section 5.C of [13]. In our Lemma 4.17, we verify the details

of one of these methods, and we employ this method to prove a comparison

principle for the HJB equation in Proposition 4.19.

. We note that the HJB equation (4.7) satisfies the fifth statement of Assump-

tion 4.10 when the function f is continuous. Again, we look to relax this
condition by introducing viscosity solutions for (4.7) with a discontinuity in f

in Section 4.7.

The key ingredient in the proof of the comparison principle for viscosity solutions

is the Crandall-Ishii Lemma, which we now state, referring to Section 6.7 of [58] for

a proof. We will refer to this lemma in the following section in order to prove a

generalisation of the comparison principle to HJB equations.
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Lemma 4.16 (Crandall-Ishii Lemma). Let D C R be open and locally compact,
and let uy,uy € USC(D). Define w : D* — R by

w(zy, o) = uy(x1) + ug(za), for x1,29 € D. (4.16)
Suppose that z° € D* and o € C?(D?) are such that
(w = )(2") = max{w — o} (4.17)

Then, for any € > 0, there exist Xy, Xo € Syq such that, fori=1,2,

(Dapl(a®), Xi) € T ui(), (4.18)
and
-1 2 0 X1 0 2 0 2 02
— (T HID% ) NRa < |° 0 | S D) + D), (4.19)
2
where the norm ||-|| is defined for symmetric matrices A € Saq by

IA]l = sup {[€" Ag| : € e R*, [¢| < 1}.

In the following section, we will use the Crandall-Ishii Lemma to show that the
matrix inequality (4.14) in the fifth statement of Assumption 4.10 holds and deduce

the existence of a function w that satisfies (4.13).

4.4.1 Comparison for an HJB equation

We will now show that a comparison principle holds for the HJB equation (4.7). As
noted in Remark 4.15, the coercivity condition (4.12) is not satisfied, and so we can
not apply the comparison result of Theorem 4.12 directly.

We first show that the perturbation method described in Section 5.C of [13] leads

to the following comparison principle without the coercivity requirement.

Lemma 4.17. Suppose that D C R? and F : RIxRxR?x Sy — R satisfy statements
1, 2, 8 and 5 of Assumption 4.10.

Let u € USC(D) be a viscosity subsolution and v € LSC(D) a viscosity superso-
lution of (4.2), and suppose that

u<wv on 0OD.
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Suppose moreover that, for each k € N, there exists 6, > 0 and a function 1, €

C>(D) such that
1

and uy == u + Yy is a viscosity subsolution of

Then

u<v on D.

For completeness, we give the following detailed proof, which is omitted when
the result is stated in Section 5.C of [13].

Proof. We first prove that u;, < v on 0D implies that u; < v on D. Then we take
the limit as k — oo to conclude that v < v on D.

Step 1: Fix k € N. We have that wuy is a viscosity subsolution of (4.20) and
therefore also a viscosity subsolution of F(x,uy, Dug, D*uy) = 0, since, for any test

function ¢ € C°°(D) and z° € arg max(uy — ¢),
F (2%, ug(2%), Do(2°), D*¢(2")) < —6;, < 0.

We also have that v is a viscosity supersolution of F(xz,v, Dv, D*v) = 0. Since uy,
is the sum of the upper semicontinuous function u and the smooth function v, we
see that wuy is upper semicontinuous.

Suppose that u, < v on dD. We will now show that we have the strict inequality
ur < v on D. We broadly follow the proof of Theorem 4.12, which is given in detail
as the proof of Theorem 3.3 in [13], but we note that we have not assumed that the
fourth statement of Assumption 4.10 holds.

We apply the Crandall-Ishii Lemma (Lemma 4.16) to the function ¢ : D= R,

defined by

1 _
(1, T2) = §$TA$, T, 9 € D,

I I
r= o and A=a« ,
T —1I I

for some a > 0. We can also write ¢ as

where

(0%
(p($1,$2):§’l'1—$22, LCl,JZ'QED.
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We calculate the first and second order derivatives
Dy () = azr — 22),  Dayp(x) = a(z2 — 21),
D*p=A, (D*p)* = A% =2aA4,
as required in Lemma 4.16. We also calculate that the norm of the Hessian of ¢ is
| D?¢|| = inf{|€T A¢| : € € R*, [¢] < 1} = 2q,
since, for any € = (£1,&)" € R¥ with |¢] <1,
ETAE = alé - & < 2a,

with equality when & = —&; and |§| = 3.

Now, let us suppose for contradiction that there exists z € D such that

ur(z) > v(2). (4.21)

We introduce the following notation. Define m*: D? — R by
k -_ a 2
myg (1, 22) = ugp(z1) — v(xe) — 5 |z — 29|,

and

k._ k
M7 = sup mg(z1,x2).
(361,962)652

Note that the maximum is attained due to compactness of D and upper semicon-

tinuity of up — v, and so there exists 2 € D’ such that

«
MY = uy(af) = o(e§) — 5 |a5 — 25"

Then we see that

Hence
«Q
up(27) — vlzg) 2 w(a?) —v(2g) — 5 faf — a3 P=M:>o0. (4.22)
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It can be shown that, as a — oo,
alzd — 23> - 0 andso also |z — z$| — 0.

We refer to Lemma 3.1 and Proposition 3.7 of [13] for a proof of this fact. Combining
the first limit with the inequality (4.22), we see that we can take « sufficiently large
that % € D?, since u, < v on dD.

Now fix € > 0. Then, taking u; = ux, us = —v to be the two upper semicontinu-
ous functions in the Crandall-Ishii Lemma, we see that, as 2® € D? is a maximiser

of

(8]
ug(z1) — v(re) — b 21 — 56'2’2a

there exist matrices Xf, X, € Sy such that

a a =2+ a a a =2+ fe
(O‘(% _12)»Xf) € Jp up(z?), (—a(zf —15),Xs) € Jp (—v)(z3),

I —I
I I|

The matrix inequality above implies the condition (4.14) in Assumption 4.10, with
1

and

— (e 4+ 2a
(€ +20) N

I 0 Xy 0
< |7 < a(l + 2ae)
0 I 0

X = X}, Y = —X,, since by choosing ¢ = ™!, we have

o] [xF o I I
— 3 < < 3« .
0 I 0 X -1 I
Therefore, by the fifth statement of Assumption 4.10, there exists a function w: [0, co] —
[0, 00|, with w(0+) = 0, such that

F(zg,r,a(x) — x9), —Xo) — F(z1,7, a2 — 29), Xf) (4.23)
<w(alr — x2]2 + |z — x9)).

Now, since wy is a viscosity subsolution of (4.20), and (a(z{ — %), X}) €

7%+uk(x‘f), we have
F (2, up(2]), a2 — 23), XT) < =6,
by Definition 4.4. We also note that

(—ala — 25), Xo) € T (—v)(23)
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is equivalent to
« « 72— «
(2] —23), —X2) € Jp v(23).

Since v is a viscosity supersolution of (4.2), Definition 4.4 gives us
F (25, v(xf), a(z — x5), —Xs) > 0.
Combining the above inequalities, we have
F (2§ ue(29), a2 — 25), XT) — F(a5,v(29), a(zf — 25), —Xs) < —6.  (4.24)

Note that coercivity would usually be used to obtain an inequality of the form (4.24),
as in the proof of Theorem 3.3 of [13], but here the positive constant d; plays the
role of the coercivity constant.

Noting that F'is proper, by the third statement of Assumption 4.10, and uy(z§) >
v(x§) by (4.22), we have that

0<F (xtlzv?uk(x(ll)a a(xtll - l‘g), Xf) — I (I?, U(‘Tg)v Ck('x(ll - Q?g),X{C) : (425)
We can rewrite the right-hand side of (4.25) and apply the inequality (4.24) to get

0 < F (af, un(af), a(af — 25), X7) = F (25, v(a5), a(af — 25), —X)
+ F (I‘g, U(Ig), O‘(x(ll ) X2) F (JZ 1 ( ) O[(xlll - :L‘g), Xf)
< F(xg‘,v(xg‘),a(x‘f _xQ) (lex’v (x? —{Eg),Xf) — O

Hence, by (4.23), we have

0r < F (a5, 0(25), a(af — 23), = Xs) = F (2f,v(23), a(a] — 25), X7)

SW(O‘|$1 _xz‘ + [xf _Izl)

Since o[ — 25> = 0, as @ — oo, and w(0+) = 0, we can take the limit as o — oo

in the above inequality to arrive at
0 < 0.

This is a contradiction, and so there cannot exist any z € D such that (4.21) holds.
Hence

up <v on D.

144



4.4. COMPARISON PRINCIPLE

Step 2: We have shown that the implication

u, <v on 9D = w,<v on D (4.26)

holds for any viscosity subsolution u; of (4.20) and any viscosity supersolution v of

(4.2). We now show that this is equivalent to

sup(uy — v) = sup(ug — v). (4.27)
D oD
It is clear that (4.27) implies (4.26). Now suppose that (4.26) holds and let £ :=
supyp (up — v).
First suppose that £ > 0. We will show that v 4 £ is a viscosity supersolution
of (4.2). Let 2° € D and ¢ € C*°(D) be such that z° € argmin(v + ¢ — ¢). Define
¢ =¢—¢ Then ¢ € C°(D) with D¢ = D, D¢ = D?¢ and 2° € argmin(v — ).

Since v is a viscosity supersolution of (4.2),
F (2, 0(a"), Do(a"), D*6(x") = F (a°,v(a°), D3(a"), D*$(a°) ) > 0.
and since £ > 0 and F' is proper, we get the required supersolution property
F(2° v(2”) + & De(a"), D?*¢(a°)) = F(a’,v(2"), Do(a”), D*¢(x")) = 0.

We have uy, < v+ & on dD and so, by (4.26), ux < v+ & on D.

Suppose now that & < 0. Then, similarly, u; — & is a viscosity subsolution of
(4.20). We have uy — & < v on @D and so, by (4.26), u, — & < v on D.

Finally, suppose that £ = 0. Then u, < v on dD and so, by (4.26) again, u, < v
on D. We have now shown that supp(ux — v) < & On the other hand, 9D C D
implies that

sup(uy — v) > sup(uy, —v) = &,
o oD

and so (4.27) holds.

Step 3: The final step in the proof is to take the limit as k& — oco. Let « € D.
Then, combining the results of Step 1 and Step 2, we have

w(z) + () —v(z) = up(x) —v(z) < sup(uy, — v)

D
= sup(ux — v) = sup(u + ¢y — v).
oD oD
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Recalling that || < , we then have

1
u(z) —v(z) < saug)(u —v) + QE,

and so, taking the limit as k — oo,

u(z) —v(x) < sup(u —v).
oD
Hence supgp(u — v) < supyp(u — v). Using the fact that 9D C D, once again, we
conclude that

sup(u — v) = sup(u — v).
D oD

Therefore
u<v on AdD

implies that

as required. O

To prove that a comparison principle holds for the HJB equation (4.7), we now
need to make a suitable choice of the perturbation (¢)ren. We take inspiration
from Section V.3 of [36], where Ishii and Lions use the above perturbation argument
for a Monge-Ampere equation. The perturbation (¢)ren that we will apply to the
HJB equation (4.7) is of the same form as the perturbation suggested in Section V.3
of [36] for the Monge-Ampere equation. For k € N, we define

Yp(x) = %exp{%— },

for some constant C'. In Chapter 5, we will study viscosity solutions for Monge-
Ampere equations and their connection to stochastic control problems. We will
prove a comparison principle for a Monge-Ampere equation in Appendix A.2 using
the same perturbation as defined above.

In the following proof, we make use of the fact that the control set U C R%9 is

compact. We now prove this assertion.

Lemma 4.18. Let ||| be any norm on R4, Then

U:={oceR": Tr(oo") =1}
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is a compact set in the normed space (R4 ||-||).

Proof. By the Heine-Borel theorem, U is compact if and only if it is a bounded and
closed subset of R%¢. As all matrix norms are equivalent, it suffices to show that U

is bounded and closed with respect to the Frobenius norm |-||p, defined by

lo|lp :== /Tr(oaT), o€ R,

Any o € U has norm ||o||p = 1. Hence U is bounded.
Now take a convergent sequence (o,),eny C U with limit o € R%?. We have that

lonlly =1, for all n € N, and so
0 < 1= llollgl = llonlly = llollpl < lon —olly =0 as n — oo
Therefore ||o||z =1, and so Tr(co ") =1 and 0 € U.
This shows that U is closed and completes the proof of compactness. O
We are now ready to prove the comparison principle for the HJB equation (4.7).

Proposition 4.19. Suppose that Assumption 1.1 holds and that f : D — R is
continuous. Then we have the following comparison principle for the HJB equation
(4.7).

Suppose that

u € USC(D) s a viscosity subsolution of (4.7),
v € LSC(D) s a viscosity supersolution of (4.7),

and
uw<wv on 0OD.

Then

u<ov on D.

Proof. First we check that conditions 1, 2, 3 and 5 of Assumption 4.10 hold.
1. By Assumption 1.1, the domain D is open and bounded.

2. We have assumed that f is continuous. We wish to argue that the operator

F:D xR xR?x Sy, defined by

F(z,r,p,X) = F(z,X) = —% inf {Tr (Xoo ")} — f(z),

oelU
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is continuous in each of its arguments. It remains to show that the map H : S; — R
defined by

H(X) =~ inf {Tr (XooT)}

oclU
1S continuous.

Define h : Sy x U — R by
hX,0):=Tr (00" X),
so that, for any X € 54, we can write

H(X) = inf h(X,0).

oecU

Since both matrix multiplication and the trace operator are continuous, we have
that h : Sy x U — R is continuous. Since U is compact, as proved in Lemma 4.18,
it follows that H : S; — R is continuous, as the infimum over continuous functions.

Hence F' is continuous in each of its arguments, as required.

3. Letr <s, then, forany z € D, p € R¢ and X € S,
F(z,r,p,X)— F(z,s,p,X) = F(z,X) — F(z, X) =0,
so F'is proper.

5. Define G : Sy = R by G(X) = —3inf,ep Tr(Xoo ") for X € S;. Then the

operator F' is of the form
F(z,r,p,X) = G(X) - f(z),

with f continuous. The operator G is degenerate elliptic, since X <Y implies that
Tr(Xoo') < Tr(Yoo'), for any o € U. Therefore, as we noted in Remark 4.11, the
fifth statement of Assumption 4.10 holds.

We now apply Lemma 4.17 with the following perturbation to the subsolution.
Let m € N and set C' = sup,p @ Define ¢, : D — R by

and define u,, : D — R
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for 2 € D. Note that we have [¢,(z)] < L exp{0} =

To conclude the proof via Lemma 4.17, we need to show that there exists d,, > 0

1
-
such that w,, is a viscosity subsolution of

I
~5 ;IGlB {Tr (DQUmO‘UT)} —f4+0,=0.

Fix 2° € D and let ¢ € C*(D) be such that 2° € arg max(u,,—@). Then, since ¥, €
C*>(D) and t,,, > 0, we have that (¢p—1,,) € C=(D) and 2° € arg max(u—(¢—1,)).
Since u is a viscosity subsolution of the HJB equation (4.7), this implies that

1
— 5 inf {Tr (D*(¢ — Yoo ")} = f <0,
and so

— % inf {Tr (D*(¢)oc ™)} — f + % inf {Tr (D*(Ym)oc™)} < 0. (4.28)

Now we calculate that

2
||

D*Y(z) = %exp {% — C’} (] —|—me) ,

so, for any o € U,
2 T 1 |$|2 T T
Tr (D*(¢)o0 ') = —exp 5 O ([ +zz']oc")
m

Since zz oo " is positive semi-definite and Tr(co ") = 1, this gives us the bound
Tr (D*(¢m)oo ) > iexp @ — > 1 exp{—C}
" —m 2 —m '

Let us define 8, := 5 exp {—C}. Then we have that

1 ) Ly 11 -
5 1t {Tr(D*($m)oo")} > 5 —exp{=C} = dn,

and so, by (4.28),

Ling {Tx(D*(¢)oc ")} — [+ 0 < 0.

2 ocU
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This shows that u,, satisfies the required subsolution property and so, by Lemma

4.17, we conclude that comparison holds for the HJB equation. O]

Uniqueness of viscosity solutions of the boundary value problem (4.15) for the
HJB equation (4.7) follows immediately from the comparison principle, as in Corol-

lary 4.14. We now state the main theorem that we will prove in this chapter.

Theorem 4.20. Suppose that Assumption 1.16 holds, and suppose further that the
domain D is uniformly convex, the running cost f is continuous in D, and the
boundary cost g is uniformly continuous on 0D.

Then the value function v : D — R defined in Section 1.4.1 extends continuously
to D and is the unique viscosity solution of the HJB equation

1
— ~inf Tr (D*voo") — f =0 (4.7)

ocU

i D, with boundary condition
v=g on OD.

We have shown that the value function v is a viscosity solution of the HJB
equation (4.7) and that solutions of the boundary value problem for (4.7) are unique.
To complete the proof of Theorem 4.20, it remains to show that the value function

v attains the boundary condition.

4.5 Boundary condition for the value function

In this section, we will show that the value function v attains the value g on the
boundary of the domain. Once again, we draw similarities with the control problem
connected to a Monge-Ampere equation that we will study in Chapter 5. In [28],
Gaveau shows that the value function for that control problem solves a boundary
value problem for a Monge-Ampere equation in some weak sense. We adapt Gaveau’s
proof of attainment of the boundary condition to the case of the control problem
with value function v. We adopt the following notation in this section, so that the

dependence of a controlled process on the control and the initial condition is explicit.

Notation. For ¢ € 4 and = € D, denote by X% a strong solution of the SDE

dXt = 0t dBt,
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with initial condition Xy = x, and define the exit time
7% = inf{t > 0: X;"* € 9D}.

We will denote by E the expectation with respect to the law of X%,

We first prove an inequality for the boundary value, under the assumption that

the domain is convex.

Proposition 4.21. Suppose that Assumption 1.1 holds and, moreover, that the
domain D is convex, the function f is bounded on D, and the function g is continuous
on 0D. Let x € D and x¢g € 0D. Then

limsup v(z) < g(x).
Tr—T0
Proof. Fix € > 0, choose § € (0,1), and let « € D be such that |z — x| < 6.
Define the constant control ot € U by

1 1
o, =

— |z —xp; 0; ---; ()], t >0,
|z — w0

and let W denote the first component of the Brownian motion B. Then

Xo'l,m o Wt
t

— m(l’ — 1’0),

for any t > 0, and the controlled process X acts as a Brownian motion on the
line connecting = to the boundary point xy. Note that there also exists z € 9D,
2 # xg, such that the line through x and =z, intersects 0D at z. By convexity of the
domain, the line segment between xy and z is contained in D.

By definition of the value function,

/OT ‘ f <X;ﬂ’z> ds+g <X::1IT>] (1.29)

<E["| I/l +E g (x72)]

v(zr) < Z(x;0") :=E

For the remainder of this proof, we denote X = X% and 7° = 7. We bound
the first term of (4.29) as follows.

Let p, := P[XZ% = x0| and 7, := |r — z|. Then, using well-known properties of
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the hitting times of one-dimensional Brownian motion, we have
E[r"] = p.0° + (1 = pa)n:
<0+ (1 —p. ).

5

Since |z — xo| < §, we also have 1 — p, < o

< 2 and so
Nz
E[r*] < 6% 4 6, < §(1 + diam(D)).
Choosing & < ¢ (2| f]|. [I + diam(D)])~", we can bound the first term of (4.29) by
. €
E[] L, < 5 (4.30)

We bound the second term as follows. Consider

IE [9(X72)] — g(@o)| = [peg(0) + (1 — p2)g(2) — g(x0)]
= (1 —p2) l9(2) — g(z0)]
< min {2(1 - p,) l9]l  19(20) — g(2)[} -

We treat two cases separately, depending on the ratio between the distances ¢ and

n.. First, suppose that 7, > §2. Then

)
1—pm<—§5%.

N

Choosing & such that 62 < S lgll=}, we have

S
2(1 - p2) gl < 5.

On the other hand, if , < 52, then
|70 — 2| < |wo — x| + |z — 2| < 6+ 62 < 262.

Since g is continuous on 0D, we can then choose § sufficiently small that

l9(a0) = g(=)| < 5.

Combining the two cases, we see that we can always choose 0 small enough that

B[y (X7)] - glao)| < 5.
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which implies that

Ew(Xﬂﬂ<me)+g' (4.31)

Fixing ¢ sufficiently small and substituting the bounds (4.30) and (4.31) into
(4.29) gives us

o) <k " F(X2)ds +g(X2)

€ €
< 3 + g(xg) + 3= g(xo) + €.

Thus we have shown that limsup, ., v(z) < g(xo). O

For attainment of the boundary condition, we require a stronger convexity con-
dition on the domain, which we define analogously to Gaveau’s definition of strictly

pseudoconvex subsets of the complex plane in Section 3 of [28].

Definition 4.22. A set D C R? is uniformly convex if there exists p € C?(R?) such
that
D = {z e R%: p(z) < 0},

Dp # 0 on 0D, and p is uniformly convex; i.e. there exists o > 0 such that the

function x — p(r) — ax? is convex.

In particular, this definition excludes polygonal domains in dimension d = 2.
We now state our result on the attainment of the boundary condition by the

value function.

Proposition 4.23. Suppose that Assumption 1.16 holds. Moreover, suppose that the
domain D is uniformly convezx, the function f is continuous in D, and the function
g is uniformly continuous on 0D.

Then v extends continuously to D and, for any xo € 0D,

lim v(x) = g(zo).

T—T0

To prove this result, we use the following two lemmas, which are similar to
Lemma 2 and Lemma 4 of [28]. Our first lemma gives a bound on the expected exit

time from the domain.

Lemma 4.24. Suppose that D C R? is uniformly convex, with the function p and
constant a as defined in Definition 4.22. For € > 0, define a domain which contains
D by

D, :={zeR": p(z) <e}.
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Let o € U and x € D,, and define the exit time
7% =inf{t > 0: X]" ¢ D.}.

Then E[727] < 2(e — p(x)).

Proof. Note that E [p (X ;””)} = ¢, by continuity of the paths of X?* and continuity
of the function p. Then we can apply [t0’s formula to get

o,z

ce=E [p (Xj;iﬂ — p(z) +E Dp(X7*) o, dB,

0

1
-E
+2

/  Te(D2p(XO)aso] ) ds] (4.32)
0

1
=p(x) + §E

/ Tr(D*p(X7)oe0.) ds] ,
0

noting that the integrand in the stochastic integral is bounded and so the integral
has zero expectation.

For any y € R? the matrix D?*p(y) — al is positive semi-definite, by uniform
convexity of p. Therefore, for any symmetric positive semi-definite matrix A, we
have the bound

Tr(D?*p(y)A) > aTr(A).

Applying this bound to (4.32) gives

e >p(x) + %E

/ Tr(asa;r) ds] = p(z) + %E (7277,
0

since o € U. Therefore 5

- (e—=p(@)),

as required. O

E[r27] <

£

Corollary 4.25. Suppose that D C R is uniformly convex. Then

E[r*] < ——p(x).

Proof. Taking the limit € | 0 in Lemma 4.24 gives the result. O

We now bound the expectation of the value that X?* takes on the boundary of

the domain, in a similar manner to Lemma 4 of [28].
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4.5. BOUNDARY CONDITION FOR THE VALUE FUNCTION

Lemma 4.26. Let xy € 0D and x1 € D be such that |xg — z1| < 1, and fir 0 € U.
Then
E|X%% — 20| < Clay — @ol?

for some constant C > 0 independent of xy, x1 and o.

Proof. By definition of X?* we have that

79,21
Ty + / o,dBs — g
0

o,Tq

/ osdB,
0

Applying Jensen’s inequality and the It6 isometry, we can bound the above expec-

E |X$&,wrll - 1’0’ =E

<|z1—zo| + E

tation by

1

B o,x 27 2

/ o, dB;
0

=E / Tr(os0]) ds}
0

o,z

/ o, dB,
0

E <E

-

3 (4.33)

=E[ro"]? .

Now, using the bound from from Corollary 4.25 and the fact that p =0 on 9D,
we have
2

E[r") < =(ple0) - pla1))

Since p € C?(IR?), the function p is also Lipschitz and so, for some Lipschitz constant
L >0,
2
E [TU’Il] < —-L |.T0 — ﬂfl’ .
«

1
2 2
S (—L) |J]0 — I % .
(67

Combining this with (4.33), we have

TO,%1
/ o, dBy
0

Hence, setting C' =1 — (gL) ,

[0}

E

N[

E|X7c_rlel — l’0| < ’131 —.To‘ + E

70,1
/ o, dB;
0

§C|xo—$1\%- O

We now use Corollary 4.25 and Lemma 4.26 to prove Proposition 4.23, following
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4.5. BOUNDARY CONDITION FOR THE VALUE FUNCTION

Gaveau’s proof of Theorem 1 in [28].

Proof of Proposition 4.23. Since we have assumed that Assumption 1.16 holds, we
have that v is locally Lipschitz in D, by Corollary 1.13. By Proposition 4.21, we
also have that

limsupv(z) < g(xo).

Tr—T0

We aim to show that, for xq € 0D,

liminfo(x) > g(xo). (4.34)

T—rT0

For x € D and o € U define
Z(z;0) =K [/ FX7")dt + g (X75%)
0
We will first show that, for fixed o € U,

lim Z(x;0) = g(x0).
a0
We bound the running cost f and the boundary cost g separately.
Let p be a uniformly convex function such that D = {x € R?: p(x) < 0}, and
let & > 0 be such that the function = — p(z) — a |z|* is convex. Since f is bounded
in D, we can use the bound from Corollary 4.25 to get

’E [ / Cpxe) ds]

< [ fllo BIT7]

< —2p(a) Il

Then, since p = 0 on 0D and p is Lipschitz in D with some Lipschitz constant
L > 0, we have that

]E [y

<

(p(wo) — p(2)) [|.f ]|

N QN

< 2L fll e — ol

Q

Now, since ¢ is uniformly continuous on 9D, g has a modulus of continuity ),

which we may assume to be concave and increasing, such that

l9(z) = g(y)| < U(|z —yl),

for any z,y € D. We can then use Jensen’s inequality on the absolute value, and
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4.5. BOUNDARY CONDITION FOR THE VALUE FUNCTION

again on the modulus of continuity v, to bound the expected value of g on dD by

|E [g(X7%)] = g(zo)| < E[g(X7*) — g(wo)],
< E (X7 — zol)],
< YE|XTT — 20]).

NI

By Lemma 4.26, we have the bound E | X" — | < C'|z — x0|%, for C=1-(2L)>.

Using the assumption that 1) is increasing, we then have

B [g(X2%)] — g(wo)| < $(E|XI7 — o))
< G(C |z — zol?).

Combining the bounds on the functions f and g, we have

|Z(2;0) — g(o)| < ‘E UOT JXTF) dS} + B [g(X7)] = g(0)|

2 1 4.35
< 2Ll 2 = w0l + $(C 2 — mo]) (438)

— 0, aszx — xo.

We now use this limit to prove (4.34).

Fix € > 0. Then, by definition of the value function, there exists 0° € U such
that v(z) > Z(x;0°) — 5. Also, by (4.35), there exists § > 0 such that, for z € D
with |z — zo| < 0,

Z(w30%) — glao)| < 5.

So, for x € D such that |z — x¢| < §, we have

v(z) — g(xo) > I(x;0%) — g(x0) — g

> —c.

Therefore

liminf v(z) > g(x).

Tr—xT0

Combining this with the result of Proposition 4.21, we can conclude that

g(zo) <liminfo(x) < limsupwv(z) < g(xo).

T—=T0 T—T0
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4.6. PROOF OF THE MAIN RESULT

Since v is continuous in D, this implies that v extends continuously to D with

lim v(z) = g(zg), xo € ID. O

T—xQ

We now have all of the required tools to prove Theorem 4.20.

4.6 Proof of the main result

Proof of Theorem 4.20. Under Assumption 1.16, the results of Proposition 4.8 and
Proposition 4.9 imply that v is a viscosity solution of the HJB equation (4.7) in D.

Since D is uniformly convex, f is continuous and ¢ is uniformly continuous,
Proposition 4.23 implies that v has a continuous extension to D that satisfies the
boundary condition v = g on 9D.

Finally, Proposition 4.19 implies uniqueness of solutions of (4.7) with the given
boundary condition, following the same argument as in Corollary 4.14.

Hence the value function is the unique viscosity solution of the HJB equation
(4.7) with boundary condition v = g on 9D. ]

4.7 Viscosity solutions of PDEs with discontinu-

ous data

In this section, we consider relaxing the assumption on continuity of F' that we
made in Assumption 4.1. Note that, in Example 2.1 and Example 2.6, where the
cost function is a step function, the viscosity theory that we have developed so far
does not apply, owing to the discontinuity in the cost function. Nevertheless, we
were able to find the value function for each of these examples in Proposition 2.5
and Proposition 2.8.

For a cost function f : D — R with a discontinuity, we would like to establish a

characterisation of the value function via the HJB equation

1
— =~ inf Tr (D*voc ') — f = 0. 4.36
inf Tv (D*voa ") — f (4.36)
We say that such a PDE has discontinuous data. The discontinuity in f means that
the definition of viscosity solutions that we gave in Definition 4.2 does not apply to
this equation.
However, viscosity solutions for PDEs with discontinuous data have been treated

in the literature. In [11], Cattiaux, Dai Pra and Reelly give a definition of viscosity
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solutions for a second order parabolic equation with discontinuous data, in the proof
of their Proposition 2. Coclite and Risebro give a similar definition for first order
equations in Definition 1.1 of [12]. We now adapt the definition given in [11], noting
that we interchange the role of sub- and supersolutions here to be consistent with

our Definition 4.2.

Definition 4.27 (Viscosity solution for a PDE with discontinuous data). Suppose
that G : R x R x S; — R is an elliptic operator that is continuous in each of

its arguments and f : D — R is an upper semicontinuous function. Define F' :

D xR xR?x S; — R by
F(a,r,p, X) = G(r,p, X) = [(2),
and consider the PDE
F (z,u(z), Du(z), D*u(z)) = 0. (4.37)

We say that a function w is a wiscosity subsolution of (4.37) if, for any smooth

function ¢ € C°°(D) and any point z° € arg max(u — ¢),
G (u(z"), Dg(a”), D*¢(2")) — f(a) < 0.

Similarly, we say that a function w is a wviscosity supersolution of (4.37) if, for any

smooth function ¢ € C*°(D) and any point z° € arg min(u — 1),
G (U<IO)7 D¢($0)7 D2¢(IO>) - f*(xo) > 07

where f, is the lower semicontinuous envelope of f.
We define a viscosity solution of the PDE (4.37) to be a function u that is both

a viscosity subsolution and a viscosity supersolution of (4.37).

Remark 4.28. In our definition of a subsolution, we could replace f with its upper

semicontinuous envelope f*, since f is assumed to be upper semicontinuous.

Remark 4.29. The above definition coincides with parts (D.3) and (D.6) of Def-
inition 1.1 of [12]. We note that Coclite and Risebro’s definition in [12] has some

additional conditions that we do not enforce here.

We can show that the value function v defined in Section 1.4.1 is a viscosity
solution of the HJB equation (4.36), in the sense that we have just defined, without

assuming continuity of the function f.
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4.7. VISCOSITY SOLUTIONS OF PDES WITH DISCONTINUOUS DATA

Proposition 4.30. Suppose that Assumption 1.1 holds. Then the value function
v defined in Section 1.4.1 is a viscosity solution of the HJB equation (4.36), in the
sense of Definition 4.27.

The proof of this result is a straightforward adaptation of the proofs of Propo-
sition 4.8 and Proposition 4.9. We do not provide the details here.

We now check directly that the value functions in Example 2.1 and Example 2.6
are viscosity solutions of the appropriate HJB equations in the sense of Defini-

tion 4.27. Let d > 2 and R > 0. Let D = Bp(0) C R? and fix p € (0, R).
Proposition 4.31. Define f: D — R as in Example 2.1 by

0, l|z]<p,

flz) =
-1, |z| € (p, R).

Then the function v defined in Proposition 2.5 is a viscosity solution of the HJB
equation (4.36) in the sense of Definition 4.27.
Proof. The function v : D — R is given by

pP—R?, x| <p,

wwy=1"
‘iL" _Ra ’$‘€<p,R),

and so the Hessian at any point = € D with |z| # p is

0, |z|<p,
21, |zl € (p.R).

D*v(z) =

Suppose that ¢ € C*(D) is such that the function 7 — ¢ has a local maximum

at some point 2° with |2°) = p. Then the Hessian of ¢ satisfies
D*¢(a") > 21,

and so .
~ 3 inf Tr (D*¢(z°)oc ") — f(2°) < -1 <0.

o€l
It is straightforward to check that the same inequality holds at any other point
x € D, since f is continuous there. Therefore v is a viscosity subsolution of the HJB
equation (4.36).
Now suppose that 1) € C°(D) is such that the function —1 has a local minimum
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at some point z° with |2°) = p. Then we must have
D*)(z°) <0,

and so
- % inf Tr (D*¢(2°)o0 ") — fu(z°) > —f(2") =1 > 0.

oelU
On checking that the same inequality holds at all other points in D, we see that v
is a viscosity supersolution. We conclude that v is a viscosity solution of the HJB
equation (4.36), in the sense of Definition 4.27. O

We now treat the second example in a similar way.

Proposition 4.32. Define f: D — R as in Example 2.6 by

fay={ "
0, |z| €[p, R).

|| < p,

Then the function v defined in Proposition 2.8 is a viscosity solution of the HJB
equation (4.36), in the sense of Definition 4.27.

Proof. The function v : D — R is now given by

j2f* + p* — 20R, |a| <p,
2p’l" - QPR, ‘.’L" S (pa R)>

u(r) =

and so the Hessian at points z € D with |z| # p is

21, | < p,

D*p(z) = )
2pla| 7 |2 T —ax], |2] € (p, R).

Suppose that ¢ € C%(D) is such that the function ¥ — ¢ has a local maximum
at some point 2° with |2°) = p. Then the Hessian of ¢ satisfies
D*¢(a") > 21,

and so .
— 5 Inf Tr (D*¢(z")o0 ) — f(2") < -1 <.

Now suppose that ¢ € C?(D) is such that the function v—1 has a local minimum
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at some point 2% with |2°) = p. Then the Hessian of v satisfies
D*y(a°) < 2p72 [p*T — 2°(2°)T] .
Note that, for any o € U, we have Tr ([p*I — 2°(2")"] 60 7) > 0 and, choosing

* 1 0
o —|x—0|[m;0;---;0],

we have Tr ([p*1 — 2°(2°) "] 6*(6*) ") = 0. Therefore

Ol_rellf] Tr (DQLb(xO)JUT) <2p? ;rellf] Tr ([pQI — xo(xO)T} O'O'T) =0.

Hence 1
-3 in(fJTr(DZ@ZJ(xO)aaT) — f.(2®)>1>0.
oc

Again, it is straightforward to check that the required inequalities hold for all other
points z € D, and so we conclude that v is a viscosity solution of the HJB equation
(4.36), in the sense of Definition 4.27. O

We have now shown that, for Example 2.1 and Example 2.6, each candidate
function defined in Proposition 2.5 and Proposition 2.8 is a viscosity solution of
the HJB equation (4.36). By Proposition 4.30, we have that the value function
for each example is also a viscosity solution of (4.36). We have already proved in
Proposition 2.5 and Proposition 2.8 that, for each example, the candidate function
is in fact equal to the value function. However, we are interested in whether we
could prove this result via the HJB equation, as we did for continuous costs in
Proposition 2.15.

Having shown that the value function and the candidate function are viscosity
solutions of the HJB equation (4.36), we would require a uniqueness theory for the
HJB equation in order to conclude directly that these functions are equal, as in
Theorem 4.20. However we are not aware of any uniqueness theory in the literature
that is applicable to the HJB equation (4.37) with discontinuous data.

We note that the usual proof of a comparison principle for viscosity solutions
breaks down when f is allowed to have a discontinuity. In this case, the fifth
statement of Assumption 4.10 may not hold and so we can no longer apply the
Crandall-Ishii Lemma (Lemma 4.16) as we did in Lemma 4.17 to yield a comparison
principle.

In [12], Coclite and Risebro prove a uniqueness result for first order PDEs with

discontinuous data under some additional regularity on the differential operator. In
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future work, it would be of interest to investigate whether we can extend this result

to prove a comparison principle viscosity solutions of the second order HJB equation

(4.36).
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CHAPTER b

CONTROL PROBLEMS RELATED TO A
MONGE-AMPERE EQUATION

In this final chapter, we consider two further stochastic control problems that are
related to the problem defined in Section 1.4.1 that we have studied so far. We will
show that the two problems that we introduce below are equivalent to each other and

that the associated Hamilton-Jacobi-Bellman equation is a Monge- Ampere equation.

5.1 Introduction

Fix d > 2. For a domain D C R? and a function f : D — (—o0, 0], consider the

Monge-Ampere equation

2 N d _
—det D*u + (—2f)" =0, (5.1)

u convex.

We will define viscosity solutions of this equation over the class of convex functions
in Definition 5.15 and Definition 5.17 below. We will characterise such a solution as
the value function of two equivalent control problems in Theorem 5.24 and Corol-
lary 5.37. The first of these control problems is inspired by the work of Feng and
Jensen in [24], who show the equivalence of the Monge-Ampere equation (5.1) to a
Hamilton-Jacobi-Bellman equation. To our knowledge, the associated control prob-
lem has not been treated in the literature. In Proposition 5.11 we prove a dynamic
programming principle for this control problem. We then use this to show that
the value function is the unique viscosity solution of a Dirichlet problem for the

Monge-Ampere equation (5.1) in Theorem 5.24.
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The second equivalent problem is based on the work of Gaveau in [28]. Gaveau
characterises the value function for this problem as a weak solution of the Monge-
Ampere equation (5.1). Since the paper [28] came before the introduction of viscosity
solutions in the 1983 paper [14], Gaveau uses a different notion of weak solution. In
Corollary 5.37, we show that the value function is once again the unique viscosity
solution of a Dirichlet problem for the Monge-Ampeére equation (5.1).

In this chapter, we build on the work cited above to give a complete picture
of the stochastic control problems and their characterisation in terms of viscosity
solutions of the Monge-Ampere equation. As a consequence, we will deduce that
these two control problems are equivalent.

Both of the problems defined here are related to the control problem that we
defined in Section 1.4.1. In the first problem that we introduce in this chapter,
we optimise over the same control set, but add an additional penalisation on the
determinant of the diffusion matrix of the controlled process, favouring those controls
that give a higher determinant. In the second problem, we keep the cost function
the same, but change the control set to replace the constraint on the trace of the
diffusion matrix with a constraint that its determinant is bounded from below. In
the following sections, we will show that the value function defined in Section 1.4.1
is a lower bound for the value functions introduced in this chapter.

As noted above, the control problems introduced in this chapter involve the
determinant of the diffusion matrix. We relate this to the trace by the following
result, which we will refer to several times in this chapter. This well-known result is
a simple consequence of the inequality of arithmetic and geometric means (AM-GM

inequality). It is proved, for example, by Krylov in Lemma 1 of [39, Section 3.2].

Lemma 5.1. For a symmetric positive semi-definite matriz A € R%4,

det(A)1 < — Tr(A).

IsH

Proof. Recall that the AM-GM inequality states that, for n € N and real numbers

T1,To, ... , Ty > 0, )
n n 1 n
i=1 =1

Since A is positive semi-definite, its eigenvalues \q, ... , Ay are all non-negative.
We can write the determinant and the trace of the matrix A in terms of the eigen-

values as
d

det(A) = [ [ M,

i=1
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and

Then we can conclude by the AM-GM inequality that

det(A)é = (H /\Z-) d éz = —Tr O

i=1
Throughout this chapter, the following assumptions will be in force.
Assumption 5.2. Suppose that
1. The domain D is bounded and convex;
2. The cost functions f and ¢ are upper semicontinuous;
3. The running cost f is negative; i.e. f <0;
4. The boundary cost ¢ is bounded above; i.e. ¢ < K for some K > 0.

Before introducing the control problems, we make some remarks on solutions of
Monge-Ampere equations and their application in optimal transport in Section 5.2.

In Section 5.3, we study the control problem that is associated to the HJB
equation studied by Feng and Jensen in [24]. We show that the weak and strong
value functions for this control problem are equal and bounded below by the value
function v defined in Section 1.4.1. We prove convexity and continuity of the value
function and show that a dynamic programming principle is satisfied. We then prove
that the value function is a viscosity solution of the associated HJB equation with
appropriate boundary condition. Using a comparison principle proved in [24], we
deduce uniqueness of solutions of the Dirichlet problem for this HJB equation.

In Section 5.4, we define viscosity solutions over the set of convex test functions,
as required for our study of the Monge-Ampere equation (5.1). We prove uniqueness
of such solutions of (5.1) with Dirichlet boundary conditions, by using the equiva-
lence with viscosity solutions of an HJB equation proved in [24] and the uniqueness
result from the previous section. We also prove a comparison principle for viscosity
solutions over convex test functions in Appendix A, following the remarks of Ishii
and Lions in Section V.3 of [36]. This comparison principle gives an alternative proof
of uniqueness for the Monge-Ampere equation. We conclude that the value function
from the previous section is the unique solution of a boundary value problem for the

Monge-Ampere equation (5.1).
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In Section 5.5, we consider the control problem studied by Gaveau in [28]. Once
again, we show that weak and strong formulations of the problem are equivalent
and that the value function is bounded below by the value function v defined in
Section 1.4.1. We show that the associated HJB equation is equivalent to the Monge-
Ampere equation (5.1) in the sense of viscosity solutions over convex test functions.
By using the dynamic programming principle and continuity properties that are
proved in [28], we characterise the value function as the unique convex viscosity
solution of the Monge-Ampere equation with appropriate boundary condition. In
Section 5.5.3 we give an alternative proof of attainment of the boundary condition
under weaker convexity conditions on the domain.

Finally, in Section 5.6, we discuss the relationship between the three control
problems that we have studied in this thesis. We see that the two control problems
introduced in this chapter are equivalent, by the characterisation of the value func-
tions in terms of convex viscosity solutions of the Monge-Ampere equation and the
uniqueness of such solutions. For the examples of step cost functions in Section 2.2,
we show that the value functions are in fact equal for all three control problems, by
approximating the optimal strategies identified in Section 2.2. For a continuously
differentiable monotone cost function, however, we show that the value function v

is a strict lower bound for the two value functions defined in this chapter.

5.2 Remarks on Monge-Ampere equations

A Monge-Ampere equation, as defined, for example, in equation (5.15) of [36] and
equation (4.5) of [63], is a second order fully nonlinear PDE of the form

det(D?*u(x)) = f(x,u(x), Du(z)), x € D,

% Cconvex, in D,

for some domain D C R? and some function f: D x R x R? — (—o0, 0].

Several notions of weak solution of Monge-Ampere equations have been intro-
duced in the literature, as described in the book [31] of Gutiérrez and in Section 4.1.4
of [63]. For example, the equivalent notions of Aleksandrov solutions and viscosity
solutions of the Monge-Ampere equation are defined in Chapter 1 of [31].

The convexity constraint on the solution of the Monge-Ampere equation is re-
quired in order to ensure that the equation is degenerate elliptic, as defined in the
second statement of Assumption 4.1. This is one of the conditions that we used to

give sense to the definition of viscosity solutions in Definition 4.2.
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Here we restrict ourselves to the Monge-Ampere equation of the form (5.1) for
some f < 0. We now verify that the Monge-Ampere equation is degenerate elliptic

on the set of convex functions.
Lemma 5.3. Problem (5.1) is a degenerate elliptic PDE problem.

To prove this result, we will use the following lemma, which is a consequence of

the Minkowski determinant inequality, as stated in [66].

Lemma 5.4. Fix n € N and let A, B € R™" be symmetric positive semi-definite

matrices. Then

det(A+ B) > det(A) + det(B).

Proof. Since A and B are symmetric positive semi-definite, their eigenvalues are all
non-negative reals, so det(A),det(B) > 0. We also have that A + B is symmetric
positive semi-definite and det(A + B) > 0.
The Minkowski determinant inequality, as stated in equation (1.1) of [66], states
that
det(A + B)w > det(A)w + det(B).

Since all terms in the inequality are non-negative, we can take the n'" power to get

1

det(A + B) > (det(A)% + det(B)H)n > det(A) + det(B),

as required. O

Proof of Lemma 5.3. Suppose that u is a classical solution of (5.1). Since u is con-
vex, we have that D?u > 0. Now let B > 0. Then

— det(D*u + B) < —det(D*u) — det(B),
by Lemma 5.4. Since B > 0, we know that det(B) > 0. So
— det(D*u + B) < —det(D*u).

Hence, since f does not depend on the Hessian matrix, (5.1) is a degenerate elliptic

problem. O

We now have a degenerate elliptic problem, so one of the conditions needed to
use the theory of viscosity solutions is satisfied. However, as noted in [36], our
Definitions 4.2 and 4.4 of viscosity solutions cannot be applied directly to a problem

of the form (5.1). Since the equation here is only elliptic for convex functions, it only
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makes sense to consider convex test functions in Definition 4.2, and positive semi-
definite matrices in the semijets of Definition 4.4. We therefore need to adapt our
definitions to suit the Monge-Ampere equation, in the same manner as in Chapter 1
of [31] and Section V.3 of [36]. In Section 5.4 below, we introduce viscosity solutions
over the class of convex test functions for any PDE that is degenerate elliptic when

restricted to convex solutions.

5.2.1 Monge-Ampere equations in optimal transport

In [10], Brenier showed that the following form of the Monge-Ampere equation arises

in optimal transport:

det(D?u(x)) = %, (5.2)

where f,g : RY — R. More precisely, take two measures g and j; on R that are
both absolutely continuous with respect to Lebesgue measure, and write uo(dz) =
f(z)dz and py(dx) = g(x)dz. Brenier proved that there exists a convex function
v : R? — R such that Du is the unique optimal map for the optimal transport
problem of finding

min |z — T(x)]? po(da),
T:RI-R? Jpa
Ty po=p1
which is equal to
inf / |z — y|* w(dz, dy).
™ Rd

f]Rd W('vdy):uov
fRd ”(d%'):ﬂl

In the case that uy is uniform on D, the Monge-Ampere equation (5.2) becomes
det(D*u(x)) = |D| f(x),

which has the same form as (5.1).

The Brenier solution of the Monge-Ampere problem, which is related to optimal
transport, is described in Section 3.2 of [18] and Section 4.1.4 of [63]. This notion
of solution requires that Du maps the support of 1y onto the support of 1, and no
further boundary conditions are imposed. In this chapter, we will instead consider
the Monge-Ampere equation (5.1) with Dirichlet boundary conditions, which are
appropriate for the control problems that we will investigate.

Recall from Section 1.1.1 that we partly motivated our study of the control prob-
lem defined in Section 1.4.1 by discussing martingale optimal transport, a variation

of the classical optimal transport problem. It is notable that the related control
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problems introduced in this chapter are associated to a Monge-Ampere equation,
which plays a role in classical optimal transport. It would be of interest to explore
the connections between these optimal control problems and the two variants of
optimal transport more fully, but we do not pursue that direction further in this

thesis.

5.3 A stochastic control problem inspired by Feng

and Jensen

The first control problem that we introduce in this chapter is inspired by the work
of Feng and Jensen in their paper [24] on numerical methods for Monge-Ampere
equations. In [24], the authors show that the Monge-Ampere equation (5.1) has an

equivalent formulation as the HJB equation

1 1
— ;25 {5 Tr (D*uoo ') + dfdet(aaT)d} =0, (5.3)
where U := {0 € R"*: Tr(co ")} is unchanged from the definition in Section 1.4.1.
The equivalence for classical solutions can be found in Krylov’s 1987 book [39] as
Lemma 2 of Section 3.2, and this equivalence is described in detail in Chapter 2, §2
of the report [56] of Smears. Feng and Jensen were the first to show in [24] that the
same equivalence holds for viscosity solutions. The reason for introducing the HJB
formulation of the Monge-Ampeére equation in [24] is that the convexity constraint in
(5.1) complicates numerical methods, whereas the type of semi-Lagrangian methods
presented in [24] are well-know for HJB equations.

In the context of this thesis, we expect the HJB equation (5.3) to be associated
to the following stochastic control problem, which has not to our knowledge been
studied in the literature. We will prove that the value function for this control
problem has a characterisation in terms of the HJB equation (5.3) in the following
sections. This characterisation leads to a new stochastic representation result for
viscosity solutions of the Monge-Ampere equation (5.1) in Corollary 5.37.

As in Section 1.4.1, we define a strong and a weak control problem, again taking

the definitions from [58] and [20], respectively.

Strong Formulation

The strong formulation of the control problem is to find the strong value function
vgy 1 D — R, defined as follows.
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Let (0, F,Py) be a probability space on which a d-dimensional Brownian motion
B is defined with natural filtration F = (F)>o.

Control: Define the set of controls

U = {U-valued F-progressively measurable processes} .

Dynamics: For any x € D and v = (14)i>0 € U, define X” by the stochastic

integral

t
Xt”::zc%—/ vedBg, t>0,
0

and define the associated exit time from the domain by
T:=inf{t > 0: X; ¢ D}.
Value function: We define the strong value function vg; : D — R by
@) = inf B [d | e den(oa] s + g0

Remark 5.5. Note that the infimum in the definition of the value function vg; is
taken over the same class of controls as in the definition of the value function v* in
(1.4). Here we have an additional term in the cost function that penalises controls
o that have a small determinant.

For example, consider a control ¢ € U that can be written as
o= l|o,; 0, ...; 0], t=>0,

for some & € R%. We say that o is a degenerate control, since det(o;) = 0, for all
t > 0. A process following a degenerate control has zero running cost and therefore
maximises the expected running cost for f < 0. Hence we no longer expect the
degenerate optimal controls found in Chapter 2 for radially symmetric costs to be

optimal here.

Weak Formulation

The weak formulation of the control problem is to find the weak value function
vy : D — R, which we define below, following [20] as in Section 1.4.1.

Define the space of continuous paths Q := C(]0,0), R?) and denote the set of
Borel measurable functions v : R, — U by B(R,,U). Then set Q = Q x B(R,,U)
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and denote an element of Q by @ = (w, u). Define the canonical process X = (X, v)
on by X;(@) = wy, for each t > 0, and v(@) = u. For ¢ € Cy(R, x U), s > 0,
define .

M(¢) = /0 o(r,v,) dr.

Then define the canonical filtration F = (F;);>0 by
Fi =0 {(Xs, Ms(¢)): ¢ € Co(Ry x U),s <t}, t>0.

Control: Let M be the set of probability measures on the set 2 x B(R,,U). For
each z € D, let
M, ={PeM: P(X,=2x)=1}.

Dynamics: Define

t
Poim{PeM,: tms o(X,) — 6(Xo) — % / Tr (D?$(X.)vor]) ds
0
is a (I, P)-local martingale for all ¢ € C*(R%)},

and let 7 =inf {t > 0: X, ¢ D}.
Value function: We define the weak value function vp; : D — R by

vpy (z) = inf EF {d /0 F(X,) det(o,0] )a ds + g(X,)] .

Analogously to Proposition 1.7, we can show that the weak and strong control

problems are equivalent.
Proposition 5.6. Under Assumption 5.2, we have the equality vi; = viy; in D.
Proof. As in the proof of Proposition 1.7, we refer to Theorem 4.5 of [20]. Fix x € D

and define the function ® : 2 — R by

() )
P(w) := d/o f(Xs(w)) det(ogo] )ads + g( X, (w)), w e Q.

By Theorem 4.5 of [20], it is sufficient to show that ® is upper semicontinuous and
bounded above by some random variable £ that is uniformly integrable under the

family of probability measures P,.
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For any o € U, we can apply Lemma 5.1 to the symmetric positive semi-definite

matrix oo ', to get the bound
ddet(oo )i < Tr(oo ") = 1.

Combining this with the bounds f < 0 and ¢ < K from Assumption 5.2, we have
the constant bound
d(w) < K < o0,

and so the uniformly integrability condition is satisfied. Moreover, since f and g are
upper semicontinuous and the determinant is a continuous function, w — ®(w) is
upper semicontinuous.

Hence, by Theorem 4.5 of [20], we conclude that vg;(z) = vij(z) for all x €
D. O

Given this result, we will write the common value as vp; = v5; = vR; and refer
to vpy as the value function.
We now show that the value function vg; is bounded below by v, the value

function defined in Section 1.4.1.

Proposition 5.7. Suppose that Assumption 5.2 holds. Then v(z) < vpy(x), for all
reD.

Proof. Let x € D and o € U. Then, for all ¢t > 0, Tr(o;0,' ) = 1. By Lemma 5.1, we

can bound the determinant by

1

det(atatT)% < = Tr(ow, ) = 7

S

Since f < 0, we then have

B 0 [ £ dertonal) s o) 2 B | [ xas x|
0 0
Taking the infimum over o € U, it follows that
vps(z) > v(x),

as required. O

We will now prove convexity and continuity of the value function vgy, and show
that vpy satisfies a dynamic programming principle. From this dynamic program-
ming principle, it will follow that vg; is a viscosity solution of the HJB equation

(5.3).

173



5.3. A STOCHASTIC CONTROL PROBLEM INSPIRED BY FENG AND JENSEN

5.3.1 Dynamic programming principle

We showed in Lemma 1.11 that the value function v is convex when the cost function
f 1s negative. We will now prove the same result for vgy, noting that we do not

actually require negativity of f in the proof.

Lemma 5.8. Suppose that Assumption 5.2 holds and that the domain D 1is strictly

convex. Then the value function vpy is conver.

Proof. We follow the same strategy of proof as for the proof of semiconvexity of v
in Lemma 1.11, omitting many of the details here.

Let zg,z1 € D and fix A € (0,1). Consider a martingale starting from a point
y = Ao + (1 — N)xy € D, which lies on the line connecting the points x, and
x1. Define the control ¢* € U in the same way as in the proof of Lemma 1.11.
In particular, for t < H, ,,, the first hitting time of either zy or z;, we have the
constant degenerate control

1
of = ——— —xo; 0; ... 0],

|21 — o]

which constrains the controlled process to the line connecting the points xy and x;.
Therefore det(o;(07)") =0, for t < Hyy oy,

Recall that, from time H,,,, onwards, o* coincides with one of two e-optimal
strategies, which we once again denote 0% and o', as in the proof of Lemma 1.11.
We then calculate that

o) < B [a [ 1067 detlorion T ds (X2
0
T T o0e 0 _0eT\1 50:¢
_ {d [ dentoeot Ty s + g3 >] PYH,, < H,)]
0

e W F(XT) det(orob ) ds + g(X:I’W] PY[H,, < H,]
0
< )\UFJ(Zﬁo) + (1 — )\)UFJ<JZ1) + 2¢.

Hence
vpg(y) < Avpg(zo) + (1 — Nvpg(z),

and so vps is convex, as required. O

To prove continuity of vpy, we strengthen Assumption 5.2 as follows.

Assumption 5.9. Suppose that Assumption 5.2 holds and, moreover, the domain

D is strictly convex and, for any x € D, vpj(x) > —o0.
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As in Corollary 1.13, under the additional conditions of Assumption 5.9, we can
deduce from the convexity result of Lemma 5.8 that the value function vg; is locally

Lipschitz.

Corollary 5.10. Suppose that Assumption 5.9 holds. Then vgpy is locally Lipschitz
n D.

Proof. Local Lipschitz continuity follows directly from Lemma 5.8 by Theorem 10.4
of [52]. O

We now prove a dynamic programming principle for the value function vgj.
Again, the proof follows the same strategy as the proof of Proposition 1.17, and we

omit the details.

Proposition 5.11. Suppose that Assumption 5.9 is satisfied. Then the following
dynamic programming principle holds. For any x € D and for any stopping time 0

such that 0 € [0, 7] almost surely,

0
vpy(x) = inng"” [d/ FXY) det(ver] )i ds + vp s (X5)
ve 0
Proof. First note that, by Lemma 5.1, for any v € U,
0< ddet(ytutT)é < Tr(v) =1, (5.4)

for all t > 0. We follow the same method of proof as for Proposition 1.17, replacing
the running cost [; f(X?)ds with

t
d/ FXY) det(ver] )a ds.
0

The bound (5.4) ensures that all of the expectations in the proof are still well-defined.

By Corollary 5.10, we have that vp; is continuous, and so we can make the same
measurable selection argument as in the proof of Proposition 1.17.

As noted in Remark 5.5, any degenerate control has zero determinant. This
simplifies the bound (1.11), as we do not require estimates on the running cost f or
the expectation of the exit time 7.

We can follow the same arguments as in the proof of Proposition 1.17 to complete
the proof. O

In the following section, we will use the dynamic programming principle to show

that the value function vg; satisfies the HJB equation (5.3) in the viscosity sense.
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5.3.2 Viscosity solution characterisation

In this section we will provide a characterisation of the value function as the unique

viscosity solution of the Dirichlet problem

—inf,cp {% Tr (D2uaaT) + dfdet(cmT)%} =0, in D, (5.5)
u =g, on 0D, .

recalling the definition of such a solution given in Definition 4.13.

As a consequence of the dynamic programming principle, we can show that,
when the cost function f is continuous, the value function vpj is a viscosity solution
of the HJB equation (5.3).

Proposition 5.12. Suppose that Assumption 5.9 holds and that f : D — R is

continuous. Then vgy is a viscosity solution of the HJB equation (5.3).

The proof of this result proceeds exactly as the proofs of Proposition 4.8 and
Proposition 4.9. Note that the bound on the determinant given by Lemma 5.1
ensures that all expectations in the proof are well-defined and that we can make the
same arguments using It6’s formula. We do not give the details of the proof here.

We now check that the value function vgj attains the boundary condition g
on 0D, again following the same strategy of proof as for the value function v in
Section 4.5. For this result, we require the domain to be uniformly convex, as
defined in Definition 4.22.

Proposition 5.13. Suppose that Assumption 5.9 is satisfied and, moreover, the
domain D is uniformly convex, the running cost f is continuous in D, and the
boundary cost g is uniformly continuous on 0D.

Then vpy extends continuously to D with

mllg:lo vpy(r) = g(7o),

for any xq € OD.

Proof. From Corollary 5.10, we have that vgj is continuous in D. It remains to show
that lim,_,,, vry = g(zo) for any zq € 9D.

To prove this result, we will once again make use of the bound
ddet(oo )i <1, (5.4)

for any o0 € U, which follows from Lemma 5.1. Following the same method of

proof as in Proposition 4.21, we can show that limsup,_,, vrs(x) < g(xo), for any
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xog € OD. The bound (5.4) guarantees that the expectations are well-defined, and
the fact that degenerate controls have zero determinant simplifies the proof.

We now note that the results of Lemma 4.24 and Lemma 4.26 still hold under
the present assumptions. Combining these with the bound (5.4), we can follow the
proof of Proposition 4.23 to find that liminf, ., vey(z) > g(xo), for any zo € 9D.
We conclude that lim, ., vry(z) = g(xo), for any zo € OD. O

We have now shown that vp; is a viscosity solution of the Dirichlet problem (5.5).
In [24], Feng and Jensen prove a comparison principle for the HJB equation (5.3).

This leads to the following characterisation of the value function.

Theorem 5.14. Suppose that Assumption 5.9 holds and, moreover, the domain D
s uniformly convex, the running cost f : D — R is continuous, and the boundary
cost g : 0D — R is uniformly continuous.

Then vpy is the unique viscosity solution of the Dirichlet problem (5.5).

Proof. In Lemma 3.6 of [24], the authors prove the following comparison principle
for the HJB equation (5.3). Suppose that u; : D — R is a viscosity subsolution of
(5.3), ug : D — R is a viscosity supersolution of (5.3), and that u; < uy on 9D.
Then u; < uy on D. As in the proof of Corollary 4.14, we can deduce that any
solution of the Dirichlet problem (5.5) must be unique.

By Proposition 5.12, we have that vgj is a viscosity solution of the HJB equation
(5.3) in D. By Proposition 5.13, vp; extends continuously to D and attains the
boundary condition g on dD. Hence vp;y is a viscosity solution of the Dirichlet
problem (5.5).

We conclude that vgj is the unique viscosity solution of (5.5). O]

By the equivalence of viscosity solutions of the PDEs (5.1) and (5.3) that is
proved in [24], we will deduce that vgj is the unique viscosity solution of a Dirichlet
problem for the Monge-Ampere equation (5.1). For the Monge-Ampere equation,
we require the notion of convex viscosity solutions that we define in the following

section.

5.4 Convex viscosity solutions

We now define viscosity solutions over the set of convex test functions, following
Section V.3 of [36].
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Let D C R? be a bounded convex domain. Consider a continuous differential
operator F' : D x R x R? x S; — R that is degenerate elliptic on the set of non-

negative definite matrices; i.e.
F(z,r,p,X) < F(x,r,p,Y), for XY >0, and X >Y. (5.6)
Then we wish to define viscosity solutions of the following problem:

F (z,u(x), Du(z), D*u(z)) =0 in D,
u is convex in D, (5.7)

uUu=gq on 0D.

The following definition is standard in the case of Monge-Ampere equations, as
found in Definition 1.3.1 of [31], Section V.3 of [36], and Section 4.1.4 of [63]. We
take the same definition for any operator F' that is degenerate elliptic on the set of

non-negative definite matrices. We first define solutions of the PDE

F (2,u(x), Du(x), D*u(r)) =0 in D, (5.8)

u 1S convex in D,

before considering the boundary conditions.

Definition 5.15 (Convex viscosity solution I). We say that an upper semicontinuous
convex function v : D — R is a conver viscosity subsolution of (5.8) if, for every
smooth convex ¢ € C*(D),

F (xo,u(xo),ng(xO),D2q§(x0)) <0,

at every point 2° € D that is a local maximum of u — ¢.
Similarly, a lower semicontinuous convex function u : D — R is a convex viscosity

supersolution of (5.8) if, for every smooth convex ¢ € C*(D),
F (2, u(z2"), Dy (a"), D*(a”)) >0,

at every point 2° € D that is a local minimum of u — 4.
A continuous convex function u that is both a viscosity subsolution and a vis-

cosity supersolution of (5.8) is a convex viscosity solution.

Remark 5.16. We note that we do not, in fact, alter the definition of viscosity

subsolutions for the convex case. As remarked in Section 1.3 of [31], any test function
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approximating a convex function from above, in the sense of Definition 4.2, must
itself be convex.

The requirement for the test function to be convex in the definition of a super-
solution, however, is a restriction on the class of test functions. This means that we
weaken the standard definition of viscosity solution. We will see in Theorem A.3
and Proposition A.5 of Appendix A that we can still obtain a comparison principle

for convex viscosity solutions.

For convenience in proving the comparison principles in Appendix A, we give a
reformulation of our definition, analogous to Definition 4.4, in terms of the semijets
defined in Definition 4.3.

Definition 5.17 (Convex viscosity solution II). An upper semicontinuous convex
function u : D — R is a convex viscosity subsolution of (5.8) if

F(z,u(z),p,X) <0 forall zeD, (p,X)¢€ Jfﬁu(m) such that X > 0.

A lower semicontinuous convex function v : D — R is a conver viscosity supersolu-

tion of (5.8) if
F(z,u(z),p,X) >0 forall ze€ D, (p,X)€Jy u(x) suchthat X >0.

A converx viscosity solution of (5.8) is a continuous convex function v : D — R that

is both a viscosity subsolution and a viscosity supersolution.

Remark 5.18. For F' continuous in each of its arguments, the semijets in the
above definition can equivalently be replaced by their closures, as is the case in

Definition 4.4, since the set of non-negative definite matrices is closed.

Remark 5.19. Similarly to the previous definition, we did not need to include the
requirement that X is non-negative definite in the definition of subsolution, as this
is an immediate consequence of (p, X) belonging to the superjet of a convex function

u, for some p € R%.

Having defined convex viscosity solutions in two different ways, we now need to

verify that the two definitions are equivalent.
Proposition 5.20. Definition 5.15 and Definition 5.17 are equivalent.

Proof. This result follows from a straightforward adaptation of Lemma 4.6.

Suppose that 1 is a convex test function with 2% € argmin(u — ). Then

(0, X) = (Dy(2°), D*¥(2°)) € T u(2?).
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By convexity of ¥, we have X > 0. Therefore, if a statement is true for every z € D
and (p, X) € J5 u(z) such that X > 0, then it is also true for every smooth convex
1 such that z° € arg min(u — ).

On the other hand, if (p, X) € Jg_u(:vo), with X > 0, Lemma 4.6 allows us to
construct a smooth function v such that z° € arg min(u — v), Dy (z°) = p, and
D*)(2°) = X. Since X is non-negative definite, v is convex at 2°. Therefore any
statement that is true for every smooth convex 1 such that z° € arg min(u — v) is
also true for all z € D and (p, X) € J5 u(x).

This gives equivalence of the definitions of convex viscosity supersolutions in
Definition 5.15 and Definition 5.17. By Remark 5.16 and Remark 5.19, the result

for convex viscosity subsolutions follows directly from Lemma 4.6. m

Definition 5.21. We say that a convex function u : D — R is a viscosity solution
of the Dirichlet problem (5.7) if u is a convex viscosity solution of (5.8) in D, in
the sense of Definition 5.15 (or equivalently Definition 5.17), and u(z) = g(z) for all
x € 0dD.

5.4.1 A Monge-Ampere equation as an HJB equation

We now have an appropriate definition of a viscosity solution of the Monge-Ampére
equation (5.1). In this section, we will characterise the value function vg; from
Section 5.3 as the unique convex viscosity solution of a boundary value problem for
this Monge-Ampere equation. We first address the question of uniqueness.

Here we make use of the equivalence between convex viscosity solutions of the
Monge-Ampere equation (5.1) and viscosity solutions of the HJB equation (5.3) that
Feng and Jensen prove in [24]. Using the comparison principle from [24] for the HIB
equation (5.3), as in Theorem 5.14, we deduce uniqueness of solutions of a Dirichlet

problem for the Monge-Ampere equation.

Proposition 5.22. Suppose that Assumption 5.2 holds and f is continuous in D.

Then there is at most one convex viscosity solution of the Monge-Ampére problem

—det(D%u) + (=2f)¢=0, in D,
u  conver, in D, (5.9)

u=g, on dD.

Proof. In Theorem 3.3 and Theorem 3.5 of [24], Feng and Jensen show that the
set of viscosity solutions of the Dirichlet problem (5.5) is equal to the set of convex

viscosity solutions of the Dirichlet problem (5.9).
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Lemma 3.6 of [24] gives a comparison principle for the HJB equation (5.3). This
leads to uniqueness of viscosity solutions of the Dirichlet problem (5.5), as remarked
in Theorem 5.14.

Therefore we have uniqueness of convex viscosity solutions of the Monge-Ampere
problem (5.9). O

Remark 5.23. We note that there are other methods of proving uniqueness for the

Monge-Ampere problem (5.9). We consider two of these approaches here.

1. In [31], Gutiérrez proves uniqueness of viscosity solutions of the Dirichlet prob-
lem (5.9) by using an equivalence to Aleksandrov solutions of Monge-Ampere
equations. Gutiérrez proves a comparison principle for Aleksandrov solutions
in Theorem 1.4.6 of [31] and shows that Aleksandrov solutions are equivalent

to convex viscosity solutions in Propositions 1.3.4 and 1.7.1.

2. In [36], Ishii and Lions state a comparison principle for convex viscosity solu-
tions of the Monge-Ampere equation in Theorem V.2, which implies uniqueness
for the Dirichlet problem (5.9). While the main ideas of the proof of this result
are given in Section V.3 of [36], the details are omitted. In Appendix A, we
state and prove a comparison principle for a class of PDEs that are elliptic
on the set of convex functions, following the ideas of [36]. We then supply
the details of the proof for the particular case of the Monge-Ampere equation
(5.1).

Theorem 5.24. Suppose that Assumption 5.9 holds and, moreover, the domain D
15 strictly convex, the running cost f is continuous in D, and the boundary cost g
is uniformly continuous on OD. Then the value function vy is the unique convex

viscosity solution of the Monge-Ampeére problem (5.9).

Proof. We showed in Theorem 5.14 that the value function vg; is the unique viscosity
solution of the problem (5.5). Again we refer to Theorem 3.5 of [24] to see that vp;
is also a convex viscosity solution of the Dirichlet problem (5.9).

By the uniqueness result of Proposition 5.22, we conclude that vg; is the unique

convex viscosity solution of the Monge-Ampere problem (5.9). O

5.5 The control problem of Gaveau

We now consider a control problem studied by Gaveau in [28], which is also related

to the Monge-Ampere equation (5.1).
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Define the set of matrices
dd 1
Ug = {UER’ : det(a)za},

and let f: D — (—o0,0] be a continuous function. The HJB equation associated to

the control problem in this section will be

—Linf, ey, Tr (D*ucc’) — f =0, in D,
3 infoeve Tr ) =7 (5.10)

u convex in D.

Remark 5.25. Convexity of u is necessary and sufficient for the infimum in (5.10)
to be finite, since D?u is positive semi-definite for any convex function v € C?*(D).
We then see that the infimum is non-negative, and so f cannot be strictly positive

when equality holds, thus justifying the conditions imposed on u and f.

In [28], Gaveau shows that (5.10) is equivalent to the Monge-Ampere equation
(5.1) in the sense of classical solutions. In Section V.3 of [36], Ishii and Lions show a
similar equivalence for convex viscosity solutions, with a minor modification to the

definition of the set Ug. We now prove the following equivalence.

Lemma 5.26. Let u : D — R be a convex function. Then u is a convex viscosity
solution of the HJB equation

L. 2 T :
—EalenUfGTr(D uco )—f:O, D,

if and only if u is a convex viscosity solution of the Monge-Ampére equation
—det(D?*u) + (=2f)*=0, in D.

This result is a consequence of the following matrix identity.

Lemma 5.27. Let A be a d X d symmetric matriz. Then

1 (det A)a if A>0,

inf {Tr(AB): B¢c Sy, B>0,detB = _d} —
d —00 otherwise.
We note that the above identity is also stated in Section V.3 of [36], and we omit

the proof here.

Proof of Lemma 5.26. In order to prove Lemma 5.26, we make two further obser-

vations. First, for any symmetric positive semi-definite matrix B € S, there exists
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a matrix ¢ € Sy such that B = oo'. Conversely, the matrix oo’

is symmetric
positive semi-definite for any o € R%*?. Hence the infimum over B is equal to the
infimum over o € Ug.

Further, we claim that we can replace the condition det(B) = 47 in Lemma 5.27
with the weaker condition det(B) > <. Indeed, suppose that det(B) > —;. Then,

by Lemma 5.1,

Tr(AB) > ddet(AB)4
= ddet(A)d det(B)
> det(A)d.

In the case that det(B) = did, then the final inequality above becomes an equal-
ity. Therefore the infimum over {B : det(B) > did} is at least as large as the in-
fimum over {B: det(B) = 2} in Lemma 5.27. Moreover, we have the inclusion
{B: det(B) = 5} € {B: det(B) > 4}, and so the two infima are actually equal.

Hence we can apply the result of Lemma 5.27 to complete the proof. ]

We now define a strong and weak formulation of the control problem. For each

N € N, define the set of matrices

vl = {0 € R4 det(o) > o< NI} C Ug.

1
d?
Following Gaveau in [28], we define the strong formulation of the control problem

as follows.

Strong Formulation

The strong formulation of the control problem is to find the strong value function
ve 1 D — R, which we now define.

Let (0, F,Py) be a probability space on which a d-dimensional Brownian motion
B is defined, with natural filtration F = (F})¢>0.

Control: For each N € N| define the set of processes
Ul = {UéV -valued [F-progressively measurable processes} .

Then we define the set of controls by

Z/{Giz UZ/{éV

NeN
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Dynamics: For any © € D and v = (1)i>0 € Ug, define X¥ by the stochastic

integral

t
Xt”:x%—/ vedBs, t>0,
0

and define the exit time of the domain by
T:=inf{t >0: X; ¢ D}.

Value function: We define the strong value function v, : D — R by

VvEUG

vg(x) := inf E” UOTf(X;) ds +g(XY)] .

Remark 5.28. Note that this formulation requires that, for each control ¢ € Ug,
there is some N € N such that oy < NI, for all £ > 0. In [28], Gaveau remarks
that this bound is only needed in order to show that the value function solves a
Monge-Ampere equation. It would be of interest to study the problem of optimising
over the set of Ug-valued controls, without imposing an upper bound, but we do

not treat that problem here.

We now define a weak formulation of the control problem, using the setup of El
Karoui and Tan in [20].

Weak Formulation

The weak control problem is to find the weak value function v& : D — R, defined
as follows.

Define the space of continuous paths Q := C([0, 00), R?) and denote the set of
Borel measurable functions v : R, — U by B(R,,U). Then set Q = Q x B(R,,U)
and denote an element of Q by @ = (w,u). Define the canonical process X = (X, v)
on by X;(@W) = wy, for each t > 0, and v(@) = u. For ¢ € Cy(R, x U), s > 0,
define .

M(¢) = /0 o(r,v,) dr.

Then define the canonical filtration F = (F;);>0 by

Fi =0 {(Xs, Ms(¢)): ¢ € Co(Ry x U),s <t}, t>0.
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Control: For each N € N, let MY be the set of probability measures on the set
Q x B(R,,UL). For each x € D, let

M, ={PeM: P(Xo=x)=1}.
Dynamics: For each N € N, define

Pl = {PEMYL: £ 6(X) = 0(X0) = 5 [ T (DP0(XoJuwr]) ds

is a (I, P)-local martingale for all ¢ € C*(R%)}.

Then define

— U Py,

NeN

Let 7 =inf{t > 0: X; ¢ D}.

Value function: We define the weak value function v : D — R by

o) = int | [ ds a0

PePa,x

To prove that the weak and strong formulations are equivalent, we take a similar
approach to that in Proposition 1.7 and Proposition 5.6, making use of the form of
the control set U = |y US -

Proposition 5.29. Under Assumption 5.2, we have the equality vg, = vd in D.

Proof. We first note that v < v2, by definition of the weak and strong value

functions. To see this, fix x € D and define
Pg’m ={PecPg,:P=P* x4,, for some v € Ug},

where PX denotes the law of a process X. Then

o) = int 5| ) as+g00)] 2 0

IP’EPG z

since Pg , € Pa.a-
We now show that vg, < v, by considering the following approximations to the
value functions. For each N € N, define the functions vé WN :D — R by

&)= it | [0 as o]

VEUéV
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and

vy N (z) = inf EPU f(Xg)ds+g(X,)],

IP’ePéVZ

for x € D. We claim that vG’ = UG , for each N € N, and show that this implies
the result, before proving this claim.

Fix z € D. By definition of the weak value function v, there exists a sequence
(Pk)ken C Pg,p such that

k—00

vl = lim EF* {/f )ds + g(X )]

Fix k € N. Then, since Poy = Uyeny P, there exists N(k) € N such that
P, € PGV
Therefore, by definition of v

B | [ s 4 g00)] 2 o)

Supposing that vg/ Nk — véN(k), we then have

WN (k) , we have

o[ s+ g00)] 2 8V 2 ),
0
since Z/{G C Ug. Taking the limit as k — oo, we get the desired inequality

vet (2) > vg(2).

We now fix N € N and verify our claim that Ué’N = ’ug/ N We will apply

Theorem 4.5 of [20], as in the proofs of Proposition 1.7 and Proposition 5.6, making
use of the boundedness of the set UY.
Define the function @ : 2 — R by

7(w)
D(w) = / FX(@)) ds + g (Xoi (@)

and fix x € D. Then, to show that the conditions of Theorem 4.5 of [20] are
satisfied, we need to check that ® is upper semicontinuous and bounded above by
some random variable that is uniformly integrable under the family of probability
measures Pg

Upper semicontinuity of ® follows from the assumption that f and g are both

upper semicontinuous in Assumption 5.2. By Assumption 5.2, we also have that f
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is negative and ¢ is bounded above by some constant K. Hence
d(w) < K, forall weQ,

and so the uniform integrability condition is satisfied. We now apply Theorem 4.5
of [20] to conclude that v = vy ™.
W

We have therefore shown that vg, = v, as required. O

Having proved that the weak and strong value functions are equal, we denote the
common value by vg = v2 = v¥ and refer to vg as the value function. We will use
the weak formulation in the proof of the next result, but we will find it convenient
to work with the strong value function thereafter.

We now show that the value function vg is bounded below by v.
Proposition 5.30. Suppose that Assumption 5.2 holds. Then v < vg in D.

Proof. We will work with the weak formulations of the control problems in this
proof. Note that, for each control problem, we have equality between the strong
and weak value functions, by Proposition 1.7 and Proposition 5.29, respectively.

Let z € D and suppose that P € Pc . We will use a time-change argument to
find a measure P € P, under which the expected cost in the control problem is less
than the expected cost under P.

Let (X, v) have joint law P. Then, by Proposition 4.6 of [38, Chapter 5] on the
relationship between solutions of local martingale problems and weak solutions of

SDEs, there exists a d-dimensional Brownian motion B such that, for any ¢ > 0,
t
X, :x+/ v, dBs.
0

By definition of Pg,, there exists N € N such that, for each t > 0, v, € UY.
Therefore, by Lemma 5.1,

Tr(vy,) > ddet(VtVtT)% > 1. (5.11)

Define A to be the quadratic variation process associated to X. Then, by (5.11),
t
A= (X)) = / Tr(vew,)ds > t.
0

Now define X to be the time-changed process

Xt - XA;l,
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where

A7t i=inf{u > 0: A, > t}.

Also define A, := inf{u > 0: A, > t}. Referring to Section 1 of [51, Chapter IV]

on quadratic variations, we show that the time-change ¢ — A; ' has the following

properties.

1.

The processes t — A, and t — A; ! are both continuous and strictly increasing.

To prove this, first note that ¢t — A, is continuous and increasing by definition
of quadratic variation of a continuous local martingale (see Theorem 1.8 of [51,
Chapter IV]). Then, by (5.11), we have that

t2
Ay, — Ay = / Tr(ver) ) ds >ty — t.
t1

Hence t — A; is strictly increasing.

From its definition, we see that ¢ — A; ! is continuous and strictly increasing

when the same properties hold for ¢t — A;.

. AA;1 =t, for any ¢t > 0.

This follows from the fact that A is strictly increasing, as discussed in Section
4 of [51, Chapter 0].

. A7 is almost surely finite.

Note that A, > ¢ implies that A, = oco. Suppose that A;' = co. Then
t = Ay, = 0o. Hence A~ is almost surely finite.
A and X are constant on the same intervals.

This is a property of quadratic variation that is proved in Proposition 1.13
of [51, Chapter IV].

. X is A~'-continuous; i.e. X is constant on each interval [4; ", A; ).

This follows from the fact that A;' = A;* for all £ > 0, since A is strictly

increasing.

Let F = (F)i>0 be the natural filtration of X, and denote the time-changed fil-

tration by I = (F A;l)tzo. Since A™! is almost surely finite and X is A~'-continuous,

we can apply Proposition 1.5 of [51, Chapter 5]. This result implies that the time-

changed process X is an F-martingale with quadratic variation given by

A

(X)e = (X) 1 = Ay =1,
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where we use property 2 above to get the final equality.

We now wish to write

t
Xt::lj—|—/ Ddesa
0

for some F—progressively measurable 7 and an F-Brownian motion W.
Define 2 := v -1 and B, = B,-1. Then, by Proposition 1.5 of [51, Chapter V],

t
X, :x—i—/ v, dB,.
0
For any ¢t > 0, define
1 ¢ ~
o= Tr(oyp) )72, and W, := / oy dB,.
0

Then, by associativity of the stochastic integral (see Proposition IV.2.4 of [51]), we

t t
/ a, dW, = / asas_l dB, = B,.
0 0

have

This gives us
Te(0,0] )20, AW,

L W ATl A
defining 7, := Tr(0,0) ) "2 0,.

For any s > 0

and so v, € U.

We now check that W is a Brownian motion, using Lévy’s characterisation (see
Theorem 3.6 of [51, Chapter IV]). For any 1, j,

t t t
<W2Wf>t—< / a;tdB, / a;ldf?z> = / a;2d(BL, BY),
0 0 ¢ 0

where the second equality follows from Proposition 2.17 of [38, Chapter 3].
Now, by Proposition 1.5 of [51, Chapter V], we know that (B?), = (B?),, for all 7,
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and that (B! — B), = (Bi/—-\Bj )i, for all 7, 7. And so, by expanding the expressions

in the second equality, we can deduce that, for all 7, j,

—

(B', BY), = (B, BI), = bt = 0, A7

Note that

u

AT
= / Tr(vey,) ) Tr(v,y,) ) du = A,
0

making the change of variables u = A;! in the penultimate line.

So, for any ¢, 7, we have

t t t
<Wi, W‘j>t = / OC;Z d(él, Bj>t = / Oé;zéij dA;l = / ()6;25ij04§ ds = 5ljt
0 0 0

This shows that W is indeed a standard Brownian motion, by Lévy’s characterisa-
tion.

Now define a probability measure on © x B(R,,U) by
P =P ®0d,

where PX is the law of X. Then P € P..
Define 7 := inf{t > 0: X, ¢ D} and consider

B | [k as 490k
0
Note that, since A~! is strictly increasing and
7=inf{t > 0: X,-1 ¢ D},

we have

ATl =1 (5.12)
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Now we calculate

EP [/OT F(X,)ds + g(&)} =E° _/OA+1 F(Xa,)dA, + g(X5)

= EF /0+ F(Xa0) Te(0p0,]) At + g(X - )],

At

making the substitution s = A; in the first line, and then using the definitions of A
and X. Using (5.12) and the fact that Ayl =t for any t > 0, we then have

£ [/ PR as-+g060)| =5 | [ moal ) ar o6,
<8 | ["roxar+ 060

where the final inequality follows from (5.11) and negativity of f.
We have shown that, for any Pe Pa.z, we can find a [P € P, such that

e[ T (R ds+ o00] <8 [ [T r0nar+gx).

Hence v(x) < vg(x). O

In Example 5.41, we will show that equality holds in the above inequality for the
cost function defined in Example 2.1. However, equality does not hold in general.
We will show in Proposition 5.44 that we have the strict inequality v < vg for a

particular class of cost functions.

5.5.1 Dynamic programming principle

We now refer to the work of Gaveau in [28] to show that the value function vg
satisfies a dynamic programming principle and is continuous and convex. In this
section we will work with the strong formulation of the control problem. We make

the following strengthening of Assumption 5.2.

Assumption 5.31. Suppose that Assumption 5.2 holds and, moreover, the domain
D is uniformly convex, the running cost f is uniformly continuous in D, and the

boundary cost ¢ is continuous on 9D.

We first show that the value function has a continuous extension on D that

attains the value g on the boundary 0D, using Theorem 1 of [28].
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Proposition 5.32. Suppose that Assumption 5.31 holds. For each o € Ug, the
function Ig(-;0) : D — R, defined by

To(rio) = B { [ rxas o).

15 continuous. Moreover, the value function vg has a continuous extension on D
with

Jim va(z) = g(2o),

for any xq € OD.

Proof. First fix 0 € Ug. Under the given assumptions, Lemmas 24 of [28] hold.
We can follow the proof of Theorem 1 of [28] to prove estimates on the function
Za(-,0) : D — R, similar to statements (2) and (3) of Theorem 1 of [28], where the
constants are independent of the choice of o. These estimates imply continuity of
Zs(-,0).

Then, following the proof of Theorem 1 of [28], we take the infimum over ¢ € Ug
to conclude that vg is continuous in D and that lim, ,,, vg(x) = g(x), for any
xo € OD. O

We now refer to Theorem 3 of [28] for a proof of the dynamic programming

principle.

Proposition 5.33. Suppose that Assumption 5.31 holds. Then we have the follow-
ing dynamic programming principle.

For any x € D, let 0 be the exit time of some domain D' C D with x € D'.
Then, for anyt > 0,

OAt
va(x) = Vierbfc E” { i F(XY)ds +va(Xga) | - (5.13)
Proof. Under the given assumptions, the continuity result of Proposition 5.32 holds,
and so we can apply Lemma 5 of [28]. We note that continuity of vg is used in the
proof of this lemma to make a measurable selection argument, in a similar way as
in our proof of Proposition 1.17.

We can then follow the proof of Theorem 3 of [28] to conclude that the dynamic
programming principle (5.13) holds. ]

As a corollary to this result, Gaveau shows that, under the same conditions, the

value function is convex in D.
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Corollary 5.34. Suppose that Assumption 5.31 holds. Then the value function vg

18 convex in D.

Proof. Under the given assumptions, we have the continuity results of Proposi-
tion 5.32 and the dynamic programming principle of Proposition 5.33. Then Theo-

rem 2 of [28] implies that vg is convex in D. O

Remark 5.35. In contrast to the two control problems that we have studied so
far, we have proved the dynamic programming principle for vg and then deduced
convexity as a corollary. In Lemma 1.11 and Lemma 5.8, we were able to show that
the value functions v and vpy are convex a priori. We went on to deduce continuity
and use this to prove a dynamic programming principle, under weaker conditions.
We conjecture that these proofs can be adapted to show that the value function vg

is convex a priori without the strict conditions of Assumption 5.31.

Having established a dynamic programming principle, we will use this to show
that the value function is the unique convex viscosity solution of the associated HJB

equation with appropriate boundary condition.

5.5.2 Viscosity solution characterisation

We now show that the value function vg solves the HIB equation (5.10) in D with
boundary condition vg = g on dD. We will also deduce uniqueness for this boundary
value problem, by combining the uniqueness result for the Monge-Ampere equation

given in Proposition 5.22 with the equivalence result proved in Lemma 5.26.

Theorem 5.36. Suppose that Assumption 5.31 holds. Then vg is the unique convex

viscosity solution of the Dirichlet problem

—%infanG Tr(D*uoo’) — f =0, in D,
u  conver in D, (5.14)

u=g, on 0D.

Proof. Under the given assumptions, a dynamic programming principle holds for vg,
by Proposition 5.33. Using the fact that, for any o € Ug, there exists N € N such
that o < NI, we can follow the same arguments as in the proofs of Proposition 4.8
and Proposition 4.9, to deduce that vg is a convex viscosity solution of the HJB
equation (5.10) in D.

From Proposition 5.32, we also have that

lim vg(z) = g(x0),
T—T0
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for any xo € 0D. Hence vg is a convex viscosity solution of the problem (5.14)

Uniqueness will follow by equivalence of the HJB equation to a Monge-Ampere
equation. By Lemma 5.26, any convex viscosity solution of the HJB equation (5.10)
is also a convex viscosity solution of the Monge-Ampere equation (5.1). Convex
viscosity solutions of the Monge-Ampere equation with a given Dirichlet boundary
condition are unique by Proposition 5.22. Therefore there is at most one convex
viscosity solution of the Dirichlet problem (5.14).

Hence vg is the unique convex viscosity solution of (5.14). ]

Corollary 5.37. Suppose that Assumption 5.31 holds. Then vg is the unique convex
viscosity solution of the Monge-Ampére problem (5.9).

Proof. From Theorem 5.36, we have that vg is a convex viscosity solution of the
Dirichlet problem (5.14). Then, by Lemma 5.26, v is also a convex viscosity solution

of the Monge-Ampere problem (5.9). We have uniqueness by Proposition 5.22. [

5.5.3 Alternative proof of attainment of the boundary con-
dition

Part of the statement of Proposition 5.32 is that the value function vg attains the

boundary value g on dD. We proved this by following the work of Gaveau in [28].

In the following lemma, we prove the attainment of the boundary condition under

slightly weaker conditions.

Lemma 5.38. Suppose that Assumption 5.2 holds and that f : D — R is bounded
and g : 0D — R is continuous. Let xy € 0D. Then

lim vg(x) = g(zo).

T—T0
Proof. Fix o € Ug and recall the definition of Zg(-;0) : D — R from Proposi-
tion 5.32. We first show that

lim Zg(x;0) = g(x).
T—T0
For any t > 0, we have both 0,0, > 0 and det(o;0, ) > 0. Hence 0,0, > 0.
Also, since D is a convex domain, it satisfies an exterior sphere condition. We can
then check that all of the conditions are satisfied in order to apply Theorem 3.3
of [50, Chapter 2]. The first result of this theorem is that

lim P*[r >t] =0, forall t>0.

T—TQ
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This result is proved by showing that

lim E* [r] =0, (5.15)

T—rT0

and then applying Chebyshev’s inequality. Combining (5.15) with the fact that f is

5| [ rxas)

We now use the second result of Theorem 3.3 of [50, Chapter 2], which gives us
that, for any ¢ > 0,

bounded, we see that

lim
T—T0

< |1/l lim E* 7] =o. (5.16)
T—T0

lim B* [g(X7,,)] = g(w0)- (5.17)

Tr—TQ

Letting t — oo, we conclude from (5.16) and (5.17) that

lim Zg(z;0) = lim E® [/ f(X2)ds+ g(X?)| = g(zo). (5.18)
r—x0 T—x0
We now consider the infimum, vg(z) = inf,ey, Za(x;0), for € D.
Let § > 0 and fix © € Bs(xg) N D. By definition of the infimum, there exists
0¢ € Ug such that

vg(z) > Ig(z;0%) — g.
By (5.18), we can choose § such that
£
| Ze (x5 0%) — g(xo)| < 3 (5.19)

Therefore Zg(x;0°) > g(x0) — 5, and so

vg(x) > g(xg) — €.

We also have that vg(z) < Zg(z;0°), by definition of the infimum. Using (5.19)

) <
again, we get Zg(z;0°) < g(xo) + 5, and so

+ £
27

Ug(l’) < g(Io) +g < g(ZE()) +e.

We conclude that
[va(r) — g(wo)| < e.
Hence

lim vg(z) = g(z0),

T—T0
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as required. O

Remark 5.39. A key point in the above proof is that, for any o € Ug, the matrix
oo is positive definite. This allows us to apply the result from [50] for any convex
domain. To prove a similar result for the value function v in Section 4.3, we could

not apply the same result from [50], since oo '

may be degenerate for 0 € U. In
dimension d = 2, if the boundary of a domain has a straight edge, then this allows
for controlled processes which are constrained to move on a line parallel to that
edge. Therefore we do not expect the boundary condition to be attained. In order
to prove attainment of the boundary condition in Proposition 4.23, we needed to
restrict ourselves to domains satisfying the same uniform convexity condition that

Gaveau imposes in [28].

5.6 Relationship between value functions

In this section, we obtain an ordering of the value functions for all of the control

problems that we have considered in this thesis.

Theorem 5.40. Suppose that each assumption holds from Assumption 1.1, Assump-
tion 5.9 and Assumption 5.31, and suppose that the boundary cost g is uniformly
continuous on OD.

Then we have the following ordering between the value functions:

USZUWSU(V}V:Ug:v‘FgJ:U%.

Proof. We prove each of the relations in turn.

1. The equality v® = v" is the result of Proposition 1.7, which holds under
Assumption 1.1.

2. We proved that v < o in Proposition 5.30, under weaker conditions than

Assumption 5.9.

3. The equality vl = v is the result of Proposition 5.29, which holds under
Assumption 5.9.

4. Under Assumption 5.31, Corollary 5.37 implies that v3 is the unique convex
viscosity solution of the Monge-Ampere problem (5.9). Combining Assump-
tion 5.9 and Assumption 5.31 with the assumption that ¢ is uniformly con-

tinuous on 0D, we have the required conditions for Theorem 5.24 to hold.
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Hence v2; is the unique convex viscosity solution of the same problem (5.9).

By uniqueness of solutions of (5.9), we obtain v3 = v3;.

5. The final equality vg; = vg; is the result of Proposition 5.6, which holds under
Assumption 5.9. O]

We now show by means of examples that, while all of the value functions may
coincide for some cost functions, this is not always the case.
We first revisit Example 2.1 and show that, for the step cost function in this

example, all of the value functions in Theorem 5.40 are equal.

Example 5.41. Fix R > 0 and let D = Bg(0) C R% Let p € (0,R) and define
f:D—Rby

0, fel <p,

1, Jol € (o R).

fz) =

We seek the value functions vgy, vg : D — R, given by

oeld

vps(z) = inf E” [d / ' FXO) det(o,0] ) ds]
0

= inf E* {d/ —1{xzic(p,R)} det(aSaZ)é ds} ,

oelU 0

and .
vg(x) = inf E* U —Lyxgiery dS} :
0

c€Uq

In this example, the cost function f has a discontinuity, and so we do not have a
PDE characterisation for either of the value functions. Therefore, we do not know a
priori that vgpy; = vg. We will find each value function in turn and deduce that they
are in fact both equal to the value function v. Note that Assumption 5.2 is satisfied,

and so, for each control problem, the weak and strong formulations are equivalent.
Proposition 5.42. In Example 5.41, the value function vpy is given by

p2_R27 |$| SP,

UFJ(Z') =
‘l’|2 - R27 |ZL” € (p7 R)

Proof. Define w : (0, R?) — R by

pz_R27 5§P2>

TV e,
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as in Proposition 2.5. Also let Z7 = |X?|* for any ¢ € U and t > 0, and recall from
(2.2) that Z7 satisfies
dz7 = 2X,"0,dB, + dt.

Then, similarly to (2.4), we can apply the It6-Tanaka formula to get

t t
w(Z]) —w(&) + d/o F(X7) det(USUJ)é ds = 2/0 Liz0-, X, 05 dB;
! 1
o,p>
+ / ]l{Zg>p2} ds+ =L
0 2
t
- d/ Lizesp2) det(0,0, )7 ds.
0
(5.20)

By Lemma 5.1, we have the bound
ddet(o,0] )i < Tr(o,0)) = 1, (5.21)

for any o € U, and so by non-negativity of the local time, we have

t t
w(Z7) —w(&) + d/ f(X?2) det(asa;r)é ds > 2/ Lizo5,23 X, 05 dDBs.
0 0

By the optional sampling theorem,

w(©) < B [u(z0) +d | 1000 det(ono])’ |
g {d | ) den(o.al)! ds} |

for any o € U.

We now find a minimising sequence of controls. Recall from Example 2.1, that we
seek controls that have zero local time on the internal boundary |z| = p. However,
the penalisation of small determinants now forces us to choose a control that has as
large a determinant as possible within the constraint (5.21).

Let 0 € U be any control such that det(o,0,) = did for all ¢ > 0. For ¢ > 0,
define the control ¢ € U by

e Ot, |Xt| S (07:0_6]U[p+€7R>7
Oy =

R D S S P

for some X+ that satisfies X, X;- = 0, for all ¢ > 0.
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This control corresponds to following any strategy with high determinant except
in an annulus of width 2¢. In this annulus, the controlled process follows tangential
motion, as defined in Definition 2.3, and has a deterministically increasing radius,
ensuring that the process does not return to the inner ball.

Since Z°° is deterministically increasing in the interval ((p — €)?, (p + ¢)?), the
local time at p? is L7 " =0, for all > 0. Also note that, for Xt € (p—e,p+¢),
we have

det (afatﬂ) = 0.

Hence, applying the optional sampling theorem to (5.20), for any € > 0, we have
that

w(é) = E* {w (z2) +d/07f(X§ ) det (of ET)ids}

el [T
. |:/0 ]I{Zgae((p—a)Q,(p+5)2)} d8:| .

We can make similar calculations to those in the proof of Proposition 2.5 to find
that, for any ¢ > 0,

¢ (p+e)*—(p—€?) ) )
0< Eg |:/ ]l{Zo‘S ((p—€)2,(p+e)? }d8:| — /0 ds = <p+ 6) - (p - 5)
= 4pe =% 0.

Therefore taking the limit as ¢ | 0 gives

w(©) _hmEf{ (27 + / (X7°) det (0° ﬂ)ids}

el0

1
= limE* {d f (O'EO'ET) ¢ ds} ,
el0 0

and we conclude that
vpy(x) = w(|z]?). O

We now show that the value function vg coincides with vg; and v.

Proposition 5.43. In Example 5.41, the value function vg is given by

P’ —R?, x| <p,

vale) =4
2" = B fz] € (p, R),
and so v° = vV =0y =02 =vg; = vy in D

199



5.6. RELATIONSHIP BETWEEN VALUE FUNCTIONS

We aim to replicate tangential motion on the internal boundary {x € D: |z| = p}
with some control ¢ € Ug. To satisfy the determinant constraint, we consider
controls of the following form.

Let z € D and let y1,...,ys € R? be orthogonal vectors with y; = = and
vy = 6y 2%, for each i,j = 1,---,d. Let A = (A1,...,\)T € (0,00) satisfy
[TL, 32 = 2, and define

o) = é [Alyls SR )\dyd] :

Then det (o*(z)o*(z)") = 57, and so 0*(z) € Ug. Note also that we have

Tr (oM 2)o? (2) ) = Z A2, (5.22)

Taking \; small, the control o*(X;) concentrates the controlled process around
the subspace orthogonal to its radius, thus approximating tangential motion. How-
ever, the constraint H?Zl A = did combined with the AM-GM inequality implies
that the trace given in (5.22) becomes large. This means that the process has high
quadratic variation and leaves the domain in a shorter time. Since the cost f is
negative, spending less time in the domain results in a higher cost, which is unde-
sirable.

We therefore need a trade-off between how well we approximate tangential mo-
tion and how low we keep the quadratic variation. To do this, we fix an annulus
around the internal boundary, inside which we take a small value of \;, as shown
in Figure 5.1. Outside of this annulus we will take all elements of A to be equal, in
order to minimise the quadratic variation. The scaling that leads to an optimising
sequence of controls is to take the width of the annulus and the parameter \; to

zero at the same rate.

Proof of Proposition 5.43. Once again, define w : (0, R?) — R by

p*— R, |z < p,
g_ R2a |$| € (pa R)

w(§) =

Fix ¢ € Ug. Following the proof of Lemma 2.2, we find that the squared radius
process defined by Z7 := | X?|?, for t > 0, satisfies the SDE

dzf = 2X, 0,dB, + Tr(oy0, ) dt.
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Figure 5.1: Cost function for Example 5.41 with the annulus used to define a min-
imising sequence of controls highlighted

Fixing ¢ € [0, R?), we can apply the Ito-Tanaka formula to find that, for any ¢ > 0,

t 1
() =B [u(Z7) = [ Tigrego Trowo]) s+ 517 (5.23)
0

By Lemma 5.1, we have Tr(o,0/]) > 1, since o, € Ug, for each s > 0. Therefore, for
any t > 0,

t
w(f) S E€ |:/I,U<Zto.) — / ]I{ZfE(pQ,Rz)} d8:| .
0

We now seek a minimising sequence of controls. Fix ¢ € (0, min{p?, R — p?})
and define the control v° € Ug as follows. Define A = (Ay,...,\q)" by

1\ 7D
AL =0, )\i:<w) ;

and define A = (A, ..., A" by

Then let
NXy), |Xif* € (p* = 6,02+ ),

oNXy), |1Xi? € (0,0% = 8] U [p* +6).

This choice of control corresponds to speeding up the process and concentrating its
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5.6. RELATIONSHIP BETWEEN VALUE FUNCTIONS

path around the subspace orthogonal to the radius when the process is close to the
internal boundary.
Fix t > 0. We claim that

lim B {w(zg‘s) —/O ]1{2556(/)2,32)}@} = w(§).

510

Starting from (5.23), we need to show that

t
. 5 5T
16%11@5 {/0 ]l{zg5e(p2,R2)} <Tr (VSVS ) — 1) ds} =0,

and
lim E€ [L;’W] — 0.
510

Define the Green’s function G and speed measure m for the process Z° on
the interval [p*> — §,p* + §], as in Definition B.4 and Definition B.3. Then, by

Proposition B.5, we can write

K¢ [ /0 ‘1 pvreieny (Tr (4007 = 1) ds] _ (z: N 1) /p :2+6 G, y)m(dy).

Define A = <1 Then the speed measure m is given by

YA
1 c—y
/m(dy) = W/exp{—T}dy,
1

and the Green’s function G is given by

p2+3

Moo {5 o {5}y SEETL T e g

X

ijé

Mow -} e (-5} LS el

Suppose that £ < p?. Then we find that

[ otmion - === o 5 (10 {-2))]

2 Zi:l)‘zz 1—exp{——5}

20
)

(5.24)
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We now make use of the choice to scale the parameter A; and the width of the
annulus 0 so that they go to zero at the same rate. In particular, since we have

chosen A\; = §, we have the limits

d 1
1 d—1 510
i=1

20 550
del )\2 — 0,
2 _ 0N _ XA aw

3 252 = 5 — +00

X:

and

Therefore taking the limit 6 | 0 in (5.24) gives

p2+6
lim G(& y)m(dy) =0,

640 02

t
. 5 5T
lgglEg {/0 ]l{Zé,sE(pQ’Rg)} <Tr (VSVS ) — 1) ds} =0.

We can make a similar calculation for any value of £.

and so

We now consider the local time term. Note that, in the interval (p? — 4, p* + 9),

the quadratic variation of Z v g given by
A7), = 4677 dt.

Then, by the expression for local time given in Corollary 1.9 of [51, Chapter VI|, we
have 52 .
e[ 1 4 ¢ 3
0 <EE [y = lim —E UO Lty piay 20 ds| .

Using Proposition B.5 again, we can rewrite this as

45 [P
< £ v,p? = lim — .
o< B [1 ] =i = [ Gt mmiay

For £ < p?, we calculate that

1 p*+e p2 l—exp{ x }
lim — G y)ym(dy) = =
0 € Jp2 diim A 11— exp {—

TS
W—/
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and so, taking the limit as ¢ | 0, we have

lim E£ [Lt”é”’g] —0.
510
Once again, we can make a similar calculation for any value of &.

Applying the optional sampling theorem to (5.23), we conclude that

w(é) = inf Eg {w(Zf) —/ ]l{Z_‘;'e(pQ,RQ)} ds}
0

oc€Ua

= inf E£ |:/ _]l{Z;'E(pQ,RQ)} dS] y
0

oc€Ua

and so

va(z) = w(lz]’).

In Proposition 2.5, we proved that v(z) = w(|z|*), and in Proposition 5.42 we also

proved that vpy(z) = w(|z|*). Hence we have the equality
UV = VUrpj = VUG- ]

We now show that equality between the value functions does not always hold.
Restricting ourselves to two dimensions, the next example shows that, for a smooth

decreasing cost function, we cannot have equality unless the cost is constant.

Proposition 5.44. Fizd =2 and R > 0, and let D = BR(0) C R%. Let f : [0, R) —
R_ be a continuously differentiable decreasing function and define f : D — R by
f(x) = f(|z|), for & € D. Suppose moreover that f is not constant on D, and set
g=0. Then, for any x € D,

R

v(x)=2 [ f(s)sds,

||

and there exists x' € D such that
vpy(2') = v (a') > v(a').

Proof. We first verify the form of the value function v, noting that we can apply
Proposition 2.15 to see that v = V| where V' is the candidate value function defined
in Definition 2.14.

Since the cost function f is decreasing on the whole interval (0, R), the function
V is defined in Case II of Definition 2.14, with ro = 0 and R € (0, s9). Therefore,
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by Proposition 2.15 we have that

v(x) =V(z) = Q/Rf(s)s ds,
||
for x € D.

We now show that the value function vg is not equal to v. Corollary 5.37 states
that vg is a convex viscosity solution of the Monge-Ampere equation (5.1). We will
show that v does not solve the Monge-Ampere equation.

Under the assumption that f is continuously differentiable, v is twice continu-

ously differentiable and we can calculate

D?o(x) = ~2f(J2)T — 2 (al) 2] " w2"
2 [lel () + Flleha?  F(lel)aies

jf? F(Ja)z s el f(jal) + F(lzl)as ]

Therefore

det (D*v()) = [~2f(|«))]* + 4 |z| F(|2]) f'(l2])
(=2 (Ja])?,

v

with equality if and only if either f = 0 or f/ = 0. Under our assumption that f is

not constant, there exists x € D for which we have the strict inequality
det (D*v(z)) > [—2f(|z])]?.

Therefore v is not a classical solution of the Monge-Ampeére equation (5.1) in D.
Since v is twice continuously differentiable, this implies that v is not a convex vis-
cosity solution of the Monge-Ampere equation in D. Hence, by Corollary 5.37, there
exists 2’ € D such that vg(2') # v(2).

Referring to the ordering proved in Theorem 5.40, we have that

v(2") < vg(x') = vpy(a'). O

We conclude by presenting a specific example of a linear cost function that fits
into the setup of Proposition 5.44. For this example, we can compute the value

function vg = vpy explicitly.
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Example 5.45. Fix d = 2 and R > 0, and let D = Bg(0) C R Set g = 0 and
define f: D — R by f(x) = —%, for all x € D. Then

2

SR (|.7c|3 —RS), reD,

v(z)

and
v
3R

Proof. Substituting the form of the cost function f into the value function from

vpy(2) = ve(x (\:c|3 — R’) >v(z), zeD.

Proposition 5.44 above, we find that

v(x) = % (|a:|3 - R%), weD.

Now define V : D — R to be our candidate for the value function v,

Via) = Y2

= ﬁ(|m|g—R3), zeD.

We will show that V is a classical solution of the Monge-Ampere problem (5.14) and
then appeal to Corollary 5.37 to prove that vg = V.

For x € D, we calculate

V2

V(z) Rlvl [:m + |z| },
and so
2
det(D*V (z)) = T (227 + 23) (27 + 223) — 2i23)
x
4
= el = (~2/(@))?

For zy € 0D, we have |zo| = R, and so

li =0.
Jim V() =0
Therefore V' is a classical solution, and hence a convex viscosity solution, of the
Monge-Ampere problem (5.14).
By Corollary 5.37, which states that the value function vq is the unique viscosity

solution of (5.14), we conclude that vg = V.
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We have now shown that, for z € D,

o) = o (ol = ) < 22 (Jaf' = B) = vc(a) = v o),

where the final equality follows from Theorem 5.40. m

We have shown that the value functions defined in this chapter are equal to each
other and bounded from below by the value function v defined in Section 1.4.1.
From Example 5.41, we see that there are instances where all of the value functions

coincide. However, Proposition 5.44 shows that this is not always the case.
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APPENDIX A

COMPARISON PRINCIPLES FOR CONVEX VISCOSITY
SOLUTIONS

In Proposition 5.22, we proved uniqueness for the Dirichlet problem (5.9) for the
Monge-Ampere equation. We took the comparison principle for the HJB equation
(5.3) from Feng and Jensen’s paper [24], and then used the equivalence between
viscosity solutions of (5.3) and convex viscosity solutions of (5.1), which is also
proved in [24]. We noted in Remark 5.23 that alternative methods of proof are
possible.

In this appendix, we state and prove two comparison principles for convex vis-
cosity solutions. The first result that we prove is a comparison principle for PDEs
that are elliptic on the set of convex functions and satisfy standard assumptions,
including coercivity of the differential operator in the zeroth order derivative. The
proof of this result requires an adaptation to the standard proof of comparison for
viscosity solutions and, in particular, depends on a convex version of the Crandall-
Ishii Lemma (Lemma 4.16), which we prove in Appendix A.3. We will take the key
idea for this proof from Section V.3 of [36], where Ishii and Lions state a comparison
principle for a Monge-Ampere equation.

Our second result is a comparison principle for the Monge-Ampere equation
(5.1). This is a special case of Theorem V.2 of [36]. As for the comparison principle
for the HJB equation in Proposition 4.19, we relax the coercivity assumption via
a perturbation argument, using the perturbation that is suggested in Section V.3
of [36].
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A.1. COMPARISON FOR PDES THAT ARE ELLIPTIC ON THE SET OF CONVEX FUNCTIONS

A.1 Comparison for PDEs that are elliptic on the

set of convex functions

Fix d > 2 and let D C R?. Consider a differential operator F : D x RxR%x S; — R
that satisfies
F(z,r,p,X) < F(z,r,p,Y) for X >Y >0; (A.1)

i.e. the operator F' is degenerate elliptic on the set of positive semi-definite matrices.
We say that the PDE

F (z,u(z), Du(z), D*u(z)) =0 (A.2)

is degenerate elliptic on the set of convex functions.
We first show that a comparison principle holds for convex viscosity solutions of
the PDE (A.2) under the following assumptions.

Assumption A.1l. Suppose that the following assumptions hold.
1. The domain D is open, bounded and convex;
2. The operator F'is continuous in each of its arguments;

3. The operator F' is proper; i.e.

F(z,r,p,X) < F(z,8,p,X) for r<s;

4. The operator F' is coercive in the zeroth order derivative; i.e. there exists

v > 0 such that
F(z,s,p,X)— F(z,r,p, X) > ~(s—1), for r<s; (A.3)
5. There exists a function w : [0, 00] — [0, oo], with w(0+) = 0, such that
F(y,ra(z —y),Y) = F(a,r,alz —y), X) < w(alz —y* + |z - y)),

for any o > 0, whenever X and Y are non-negative definite and satisfy the

following matrix inequality:

I 0 X 0
— 3a <
0 I 0 -Y

§3a[[ _1. (A.4)
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These assumptions agree with Assumption 4.10, except for the additional re-
quirement of convexity of the domain in the first statement, and the relaxation of
the fifth statement to consider only non-negative definite matrices.

The comparison principle that we prove is a consequence of the following adap-
tation to the Crandall-Ishii Lemma (Lemma 4.16).

Lemma A.2. Let D C RY be open, convex and locally compact, let uy,us € USC(D),
with uy convex and uy concave, and suppose that the assumptions of Lemma 4.16 are
satisfied. Then, for every e > 0, there exist matrices X1, Xo € Sgq, with X, positive
semi-definite and X, negative semi-definite, such that conditions (4.18), (4.19) in
Lemma 4.16 hold.

Compared with Lemma 4.16, we require the additional assumption that u; is
convex and us is concave, and we get the additional result that X is positive semi-
definite and X5 is negative semi-definite.

We now show that this result is exactly what we require to prove comparison,
delaying the proof of the lemma until Appendix A.3. The following theorem is the

convex analogue of Theorem 4.12.

Theorem A.3 (Comparison for convex solutions). Let D C R and F' : D x R x
R? x Sy be such that Assumption A.1 is satisfied and the ellipticity condition (A.1)
for positive definite matrices holds. Suppose that

u € USC(D) s a conver viscosity subsolution of (A.2),

v € LSC(D) is a convex viscosity supersolution of (A.2),

and
u<wv on 0OD.

Then

u<ov on D.

Proof. This is a straightforward adaptation of the proof of the standard comparison
principle for viscosity solutions given in Theorem 4.12, which is presented in detail
as the proof of Theorem 3.3 in [13]. The following proof therefore has much in
common with the proof of Lemma 4.17 and we omit some of the repetitive details.

The proof relies on the variation of the Crandall-Ishii Lemma given by Lemma
A.2. We apply this lemma to the function ¢ : D’ = R, defined as in the proof of

Lemma 4.17 by

1 _
(1, T2) = §$TA$, Ty, T3 € D,
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T = o and A=a« ! _],
i) -1 I

for some a > 0. We recall that

where

Dy p(r) = a(xy — 12), Dyyp(r) = a(zy — 11),

D¥*p=A, (D*p)* = A*=2aA,

and
|D*¢|| = inf {|€TAL] : € e R, ¢ < 1} = 20

We suppose for contradiction that there exists z € D such that
u(z) —v(z) =0, forsome & > 0. (A.5)

—2 ..
Let 2 € D™ be a maximiser of

(6
u(af) - o(ag) - St - a5,

which is guaranteed to exist by compactness of D? and upper semicontinuity of u—wv.
Note that, as shown in [13],

2 a—00

alzd — 2y 250 and |2 — 25| 2=

— 0.

By the same argument as in the proof of Lemma 4.17, we can take « sufficiently
large that z® € D2

Now let € > 0 and set u; = u, us = —v. Since u and v are convex functions, it
follows that u; is convex and us is concave. Therefore, we can apply Lemma A.2,
to see that there exist X, Xy € S; such that

a a 2+ a a a 2+ a
(a(z] —25), X1) € Jp u(zy), (—alzf —125),Xs) € Jp (—v)(23),

I 0 X 0 I I
< < 3a ,
0 I 0 X, -1 1
where we have chosen € = o !.
Furthermore, Lemma A.2 tells us that X; > 0 and X5 < 0. This is the key addi-
tional property that we require for the case of convex viscosity solutions. Condition

(A.4) in Assumption A.1 is therefore satisfied with X = X; and ¥ = —X, both

and

— 3
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non-negative definite matrices. So, by the fifth statement of Assumption A.1, there
exists a function w: [0, 00] — [0, 00|, with w(0+) = 0, such that

F(xo,r,a(x; — x9), —X2) — F(x1,r,a(x; — x2), X1) (A6)

<w (a |z — x2|2 + |z — x2|) )

Let v > 0 be the coercivity constant in (A.3). Then, by the fourth statement of
Assumption A.1,

Y(u(@f) —v(a%)) < P(af,u(af), a(z§ — a5), X1) - F(af,0(z3), o(2f — 25), X,).
Since
6 = u(z) —v(=) < u(af) = v(e§) = 5 |of — 25| < u(af) - v(a3),
we have
6y < P(af u(zf), a(zf — 23), X)) - F(af,v(2g),a(af — 25),X,). (A7)

Now, since u is a convex viscosity subsolution of (A.2), and (a(z§ — z%), X;) €
7%+u(x‘1"), with X; > 0, we have

F(:l:ff,u(:l:ff),a(x? - xg>7X1) < O?
by Definition 5.17. We also have that
« « 72— «
(a(zf —23), —Xa) € Jpp v(z5),

and so, as v is a convex viscosity supersolution of (A.2) and — X5 > 0, Definition 5.17
gives the inequality
F(z3,v0(x3), 2] — 23), —X3) > 0.

We can now substitute the above inequalities into (A.7) and then apply (A.6), as in
the proof of Lemma 4.17, to arrive at

57§w(a|x‘f‘—m§“|2+|x?—x§).

Since o |29 — x$|> = 0, as a — 0o, and w(0+) = 0, we can take the limit as o — oo
to find that
oy <0.
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This contradicts our assumption (A.5), and so we conclude that u < v on D. O

A.2 Comparison for a Monge-Ampere equation

We now turn to proving a comparison principle for convex viscosity solutions of the
Monge-Ampere equation (5.1). Let f: D — (—o0, 0] be a continuous function. The
Monge-Ampere operator F', defined by

F(z,u,p,X) = F(z,X) := —det(X) + (—2f(2))4,

does not satisfy the coercivity condition (A.3) in Assumption A.1, since there is no
dependence on the zeroth order derivative. Therefore we cannot apply Theorem A.3
directly to the Monge-Ampere equation (5.1).

In order to prove comparison for the Monge-Ampere equation, we use the same
perturbation technique that we used to prove comparison for the HJB equation (4.7)
in Proposition 4.19. In Lemma 4.17, we proved a comparison principle that does not
require the coercivity assumption, using the method outlined in Section 5.C of [13].

The following analogue of this result holds for convex viscosity solutions.

Lemma A.4. Let D CR? and F : RY x R x R? x S; — R satisfy statements 1, 2,
3 and 5 of Assumption A.1.
Let u € USC(D) be a convex viscosity subsolution and v € LSC(D) a convex

viscosity supersolution of (A.2), and suppose that
u<v on OD.

Suppose moreover that, for each k € N, there exists 6, > 0 and a function i, €

C?*(D) such that

1
|wk S Ea

and uy == u + Yy is a conver viscosity subsolution of
F(i, Ug, Duk, DQUk) + 5k = 0.

Then

u<ov on D.

Proof. The proof of this result is identical to the proof of Lemma 4.17, except for

two modifications. Viscosity solutions are replaced by convex viscosity solutions,
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and Lemma A.2; the convex variant of the Crandall-Ishii Lemma that we prove in

Appendix A.3, replaces Lemma 4.16. We do not reproduce the full proof here. [J

The following result is a special case of the comparison principle for a Monge-
Ampere equation that is stated in Theorem V.2 of [36]. In our result, the function
f depends only on the spatial variable x € D, whereas in [36] Ishii and Lions
allow dependence on the value and gradient of the solution. We prove the result
by applying Lemma A.4 with (¢)ren chosen to be a slight simplification of the
perturbation suggested in [36]. We note that the choice of perturbation will be the

same as in the proof of Proposition 4.19.

Proposition A.5. Suppose that Assumption 5.2 holds and that the function f :
D — R is continuous. Then we have the following comparison principle for the
Monge-Ampére equation (5.1).

Suppose that

u € USC(D) s a conver viscosity subsolution of (5.1),

v € LSC(D) is a convex viscosity supersolution of (5.1),

and
u<wv on 0OD.

Then

u<v on D.
The proof follows the same reasoning as the proof of Proposition 4.19.

Proof. We first check that conditions 1, 2, 3 and 5 of Assumption A.1 hold.
1. The domain D is open and bounded by Assumption A.1.

2. We have assumed that f is continuous and so, since the determinant is a con-

tinuous function, the operator F': D x R x R? x S, defined by
F(z,r,p,X) = F(z,X) = —det X + (—2f(x))*

is continuous in each of its arguments.

3. Let r <s, then

F<x7/r7p’X)_F(x’S’p7X)EF(x’X>_F<$7X): ?
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and so [ is proper.
5. Define G : S; — R by G(X) = —det X. Then the operator F' is of the form
F(z,r,p, X) = G(X) + (=2f(x))".

By Lemma 5.3, F' is degenerate elliptic on the set of non-negative definite matrices,
in the sense of (5.6). Then, by the same reasoning as in Remark 4.11, the fifth
statement of Assumption A.1 holds.

Now, since the coercivity condition in the fourth statement of Assumption A.1
does not hold, we appeal to Lemma A.4. We define the following perturbation to the
subsolution, which is the same perturbation used in Proposition 4.19, as suggested
in Section V.3 of [36].

2

Let m € N and set C' := sup,¢p ‘% Define 9, : D — R by

1 Els
U () = Eexp 5 —-Cy,

and u,, : D — R by
U (2) = u(x) + (),

for x € D. Then .

()] < - exp{0} = -

We now need to show that there exists d,, > 0 such that u,, is a convex viscosity
subsolution of the PDE

— det(D*uy,) + (=2f)* + 6, = 0.

The following section of the proof differs from that of Proposition 4.19. Fix
2% € D and let ¢ € C*°(D) be such that z° € arg max(u,, — ¢).

Then, since ¢, € C* and ¢, > 0, we have that (¢ — ¥,,,) € C®(D) and
2% € argmax(u — (¢ — ¥,,)). As noted in Remark 5.16, (¢ — 1),,) is necessarily a
convex function, and so, since u is a convex viscosity subsolution of (5.1), we have
that

— det (D?¢(2°) — Dy (2°)) + (—2f(2))* <0, (A.8)

by Definition 5.15.

Now recall that Lemma 5.4 states that, for any d x d symmetric positive semi-
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definite matrices A and B,
det(A + B) > det(A) + det(B). (A.9)

We can take A and B to be the Hessian matrices of the functions ), and (¢ —1y,),

respectively, since both functions are smooth and convex. Then, by (A.9),

det (D?¢(2%)) = det (D? (¢(2°) — ¢ (2)) + D2y (22))
> det (D? (¢(2°) — ¢m(a”))) + det (D (a?))

and so
— det (D?*¢(2°) — D*¢y,(2°)) > —det (D?*¢(2°)) + det (D¢ (2)) .
Hence, by (A.8), we have
— det (D?¢(a)) + (=2 (2°))" + det (D?*,, (%)) < 0. (A.10)
In the proof of Proposition 4.19, we caclulated that, for any x € D,
D), (z) = iexp {@ — } (I+az"),
m 2
and so, using the inequality (A.9) once more, we have
det (D, (2°)) > % exp {d (]a:;)|2 - C’) } (14 det (2°(2°)"))

1

Defining 6,, := - exp {—dC}, the inequality (A.10) implies that
— det (D?¢(a)) + (=2f(2°))" + 6, < 0.

Hence u,, satisfies the required subsolution property.

By Lemma A.4, we conclude that comparison holds. O

Note that the above comparison principle depends on Lemma A.4, which depends
in turn on Lemma A.2, the convex variant of the Crandall-Ishii Lemma. We prove

Lemma A.2 in the following section.
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A.3 Proof of a convex Crandall-Ishii Lemma

We now prove Lemma A.2, the adaptation of the Crandall-Ishii Lemma to the
case of convex viscosity solutions. This will complete the proofs of the preceding
results in this appendix. We follow the proof of the standard Crandall-Ishii Lemma
(Lemma 4.16) that is given in the appendix of Crandall, Ishii and Lions’s User’s
Guide [13]. To adapt this proof to convex viscosity solutions, we use the observation
from Section V.3 of [36] on concavity of the sup-convolution of a concave function.
We now define the sup-convolution, as in the appendix of [13], and state some of its

important properties.

Definition A.6 (Sup-convolution). Let v : R — R and A > 0. We define the
A-sup-convolution 4% : R? — R by

. A

() i= sup {uts) = 3 1o~}
yERE

We give the straightforward proof of semiconvexity of the sup-convolution, as

in [13], in the following lemma. Recall from Definition 1.10 that, for A > 0, we say

that a function u : R — R is A-semiconvex if the map = — f(z) + 5 |2|? is convex.
Lemma A.7. For A\ > 0, the sup-convolution 4> is A-semiconvez.

Proof. For any x € D, we can write

M) + A |z|* = sup {U(y) 2 (|2 = |z - ylz)}

2 yeRd 2

A2

= sup {U(y) +5 Myl = M"-y}.
y€ERd

The right-hand side is the supremum over functions that are linear in z, and is

therefore a convex function. This proves that 4* is A-semiconvex. O

We now state two lemmas from the appendix of [13] without proof.

The following lemma on semiconvexity is taken from Lemma A.4 of [13], where
a proof is given using Aleksandrov’s Theorem and Jensen’s Lemma on semiconvex
functions. These additional lemmas are proved in Lemma A.2 and Lemma A.3

of [13], respectively.

Lemma A.8. Let f: R — R be A-semiconvex, for some A\ > 0. Let B € Sg and
suppose that

max { o) — leBx} — F(0).

r€R4 2
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Then there exists X € S; such that
(0,X) € J°f(0) and — M <X <B.

The next lemma is taken from Lemma A.5 of [13], where it is referred to as the

magical property of the sup-convolution. Again we refer to [13] for the proof.

Lemma A.9 (Magical property of the sup-convolution). Fiz A > 0. Let z,p €
R? and X € Sy, and let u € USC(RY) be bounded above. Suppose that (p, X) €
J2>Tar(z). Then

(p, X) € J*tu (x + §> and (x) =u <m + —)
As a consequence,
2,4 .\

(0,X) e J” u*(0) dmplies that (0,X) € 72’+u(0).

Before turning to the proof of the convex variant of the Crandall-Ishii Lemma,
we prove the following lemma, which we will apply to a sum of sup-convolutions in

the proof of Lemma A.2.

Lemma A.10. Let uy,us : D — R and define w : D* — R by w(x) := uy(z1) +
us(1a), for v = (w1, 20)" € D?.

Suppose that X € Sy is such that
(0, X) € T w(0).

Then X is block-diagonal with
X
x— |0
0 X

(0,X1) € Jur(0) and (0,Xs) € T us(0).

and

Proof. Let (0,X) € 72@0(0). Then there exist sequences (z")nen, (P")nen and
(X™)nen such that

(p", X") € JPw(z™), forall n €N,

and

(2, w(z™),p", X™) 2= (0, w(0),0, X).
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For a given n € N, let 27, 2%, p7, ph € R4, X' X' € Sy and X7, € R% be such that
Lo D2 Xy X3
X, X
¥ 1 12 7
X5 X

for matrices X, Xy € Sy and X, € R4,

Noting that all matrix norms are equivalent, and making use of the Frobenius

Also write

norm, lim,, .., X” = X implies that

H [ X, —XP Xpp— X;g]

2
= || X1 = XPI* + 1X2 = X5* + 2[| X102 — XP|”
XII—Q . X{LQT X2 B X; ‘ 1 2 12

n—00

0,

and so
lim X' =X;, lim X5 =X, and lim X}, = Xj,.
n—oo

n—oo n—oo

Now, for each n € N, since (p", X") € J?w(z™), we have that
w(z) = w(a") + (p") (@ —a") + (x = 2") X" (z — ") + ofjw — 2" |"),

as x — x". We can write this as

uy (1) + uz(w2) = wr(27) + ua(xy) + (pf) " (21 — @) + (p5) " (22 — 23)

1 1
+ 5(371 — ) XT(z1 — 2f) + 5(302 —a) X3 (xo — xy) (A1)
+ (21— 2) T Xy (as — 2) + 0|z — 2} * + |22 — 25 ),

as r1 — xf and zo — 5.

Choosing x5 = 3, the above equation gives us
1
ur (1) = wi (@) + () " (21 — 27) + 51 —a1) X (21— 2}) +o(|zy — 27[), (A.12)

as 1 — a7, Therefore (p7, XT) € J2uy(a}).
We know that (27, uq(z}), py, X7) — (0,u1(0),0, X7), as n — oo, and so

(0, X1) € T uy (0).
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Similarly, choosing x; = x, we have
1
us(9) = uz (@) + (p5) " (22 — 25) + (22— 75) T X3 (2 —w5) +o(jwy — 5 [7), (A.13)

as To — x4, and so (py, X¥) € J2uq(xh).

Since (27, ua(2%), py, X3) — (0,u2(0),0, Xs), as n — oo, we have
(0,X5) € 72U2<0)-

Finally, we verify that X is block diagonal. Combining (A.12) and (A.13), we

have

ur(21) +un (@) = (@) + ua(ay) + () (w1 — 27) + (03) (w2 — 23)
1 1
+ 5@ - 27) X7 (21— af) + 522 = w5) " X5 (22 — )

+ ol — 2f|*) + of|ws — 25 |%),
as r1 — o7 and s — xf. Comparing this to (A.11), we must have that
(21 — 1) T XTy (w5 — a5) = of|z1 — 2f|” + oy — a3 ]"),

as r1 — 2§ and x9 — 8, which only holds for X7, = 0.
Since X7, = 0 for all n € N, and lim,,_,o X7, = Xj2, we have that X5, = 0.

Hence
X
x= | :
0 X5

as required. O

We now use the preceding lemmas to prove the adaptation of the Crandall-Ishii
Lemma to the case of convex viscosity solutions. We follow the proof of the standard

Crandall-Ishii Lemma given in the appendix of [13].

Proof of Lemma A.2. The key step in adapting the proof to the case of convex
viscosity solutions is the observation made in Section V.3 of [36] that, since ug is
concave, the sup-convolution 43 defined in Definition A.6 is also concave, for any
A > 0. We first prove this assertion.

Let u : R — R be a concave function and let A > 0. Recall from Definition A.6
that the A-sup-convolution 4* : R — R is defined by

A
(©) :=sup{u<y>—§\s—y\2}, for € € RY

yeD
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Take &1,& € R% and let p € [0,1]. Set & := p&; + (1 — p)&. We wish to show that

pi (&) + (1 — p)at(&) < (&)

Let y1, 72 € R? and define 5 := py; + (1 — p)ys. Since u is concave, we know that

pu(yr) + (1 = plu(yz) < u(@). (A.14)

Note that

E=7=p& —y)+ (1 —p)(&—1y)

. 2 .
Then, since the map |-|° : R? — R is convex, we have

ples—unlP+ 1 =p) e —wl> €7 (A.15)

Now, by definition,

N\ E A= 2

aMNE) > u(y) — 5 &E-7]".
Using the concavity and convexity conditions (A.14) and (A.15), we can bound the
right hand side of the above inequality by

> puly) + (1= phulys) — 2 (plés — a* + (1= p) Iz — 1)

= (utw) - 316~ wl*) 2+ (1) (utom) = 5l - el

Since this inequality holds for all y;, v, € R?, we can take the supremum over y; € R?

and 7, € R? on the right hand side, and we conclude that

WME) = pa (&) + (1= p)at(&),

as required.

We now use this fact to prove the lemma, following the same method as the
proof of the Crandall-Ishii Lemma (Lemma 4.16) given in the appendix of [13].

Let uy,us € USC(D), with u; convex and us concave, and define w : D? — R by

w(xy, o) = uy(r1) + ug(z2), x1,29 € D,

as in (4.16). Let 2° € D2 and ¢ € C2(D°) be such that 2° € arg maxpz(w — ¢), as
in (4.17). As noted in [13], we may assume, without loss of generality, that D = R?,

222



A.3. PROOF OF A CONVEX CRANDALL-ISHII LEMMA

2% =0, u1(0) = uy(0) = 0, and

1
o(x) = §xTA:C, for some A € Soq.

Then we have

w(z) — %xTA:c < (w - ©)(0) = ur(0) + us(0) = 0, (A.16)

for any x € D?.

Fix ¢ > 0. We aim to find a positive semi-definite matrix X; and a negative semi-
definite matrix X5 such that the conditions (4.18) and (4.19) stated in Lemma 4.16
hold.

Let z,y € R??. Then, writing

T Ar = (x—y) Az —y) —y Ay + 2y Az
= (@ —y) Alr —y) +y Ay + 2y Az — y),

we can use the Cauchy-Schwarz inequality to calculate

1 2

et Ar < (z—y) Alx —y) +y Ay + 2\/\\/5Ay\2 ‘E(x — )

Noting that, for any a,b € R,, 2vab < a + b, we then have
wlAz < (z—y) Alx —y) +y Ay + ey Ay + é z—yl*.
Using the Cauchy-Schwarz inequality again, we see that
(=) T Ale —y) <A@z —y)| |z — y| < Al 2 = y[*.
Therefore, defining A := e~ + || 4|, we have
e Ar < Mz —y|* +y (A +ed?)y.

Hence, by (A.16),
y' (A+ecA?)y.

N | —

A
wiz) =5 le—yl* <

Now define B := A + €A?. Then we can take the supremum over z € R? in the

223



A.3. PROOF OF A CONVEX CRANDALL-ISHII LEMMA

above inequality to see that, for any y € R?,

) 1
W’ (y) < 5y’ By,
and so

. 1 .
W (y) — §yTBy < 0 = 4™0).

By Lemma A.7, 0 is A-semiconvex, so we can apply Lemma A.8 to see that there
exists X € Spq such that

—2

(0,X) € Jw*0) and —MN <X <B. (A.17)

We now note that w*(y) = 47 (y1)+a3(y2), for y1,yo € D. Therefore, by Lemma A.10,

we have

(0, X)) € T'a20) and (0,X,) € J @(0),

X:X10
0 X,

We now exploit the fact that @5 is concave to prove that X, < 0. This is one of

where

is block-diagonal.

the additional statements in the lemma, not present in the classical Crandall-Ishii
Lemma stated in Lemma 4.16, that will allow us to apply this result to convex
viscosity solutions.

Since (0, X3) € 72’_@(0), we know that there exist sequences (24)nen, (P5)nen
and (X3),en such that (p§, X3) € J>~03(2h), for each n € N, and

(25, 43(x5), ., X3) == (0,13(0),0, X>) .

By Proposition 5.20 on equivalence of the two definitions of convex viscosity solu-
tions, there exists ¢ € C*°(D), for each n € N, such that

2y € argmin (@) — 65) and  (Dgj(a3), D*65(a3)) = (ph. X3).

This means that each ¢} sits below the concave function s, coming closest at 7.

Therefore ¢} is itself concave at x3. Hence
X3 = D¢y (a3) < 0.

We have that X7 — X,, and the set of non-positive definite matrices is closed.
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Therefore Xy < 0. We also require that X; is non-negative definite for this adap-
tation of the Crandall-Ishii Lemma. We will see later that this property follows
directly from convexity of u; by a similar argument.
By the magical property of the sup-convolution stated in Lemma A.9, we have
that
—2,4 —=2,+
(O,Xl) eJ U1<0) and (O,XQ) eJ UQ(O)

Noting that D,,p(0) = 0 for i = 1,2, we have shown that condition (4.18) of
Lemma 4.16 holds.

We can now show that X; > 0. Since (0, X;) € 72’+u1(0), there exist sequences
() nen, (P7)nen and (X7),en such that (p*, X™) € J>*u,(0), for each n € N, and

(I?, ul(x?>7p7f7 X{L) m <O7 U,1<O), O, Xl)
By Proposition 5.20, there exists ¢ € C°(D), for each n € N, such that
ot € argmax(u — ¢7) and  (D(ap), DPA(D) = (57 X7) .

This means that each ¢} sits above the convex function u;, coming closest at z7,

and so ¢7 is itself convex at x7. Hence
X7 = D*¢}(2}) > 0.

Since the set of non-negative definite matrices is closed and lim,, ., X]" = X;, we
have that X; > 0.

Finally, using the block-diagonal structure of X, and recalling the definitions
A=¢c¢1+] 4] and B = A+ cA?, the inequality in (A.17) becomes

X
— (T AN I < [ 01 < A+eAl

2

Noting that D?p = A, we have shown that condition (4.19) of Lemma 4.16 holds.
We have now shown that (4.18) and (4.19) hold, and that X; is non-negative

definite and X5 is non-positive definite, as required. n
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APPENDIX B

SCALE FUNCTIONS AND SPEED MEASURES

In Chapter 2 and Chapter 5, we make use of the theory of scale functions and speed
measures, as set out, for example, in Section 3 of [51, Chapter VII] and in Section 6
of the lecture notes [23]. In this appendix, we summarise the definitions and results
that we use.

Let W be a standard one-dimensional Brownian motion, and let p: R — R and

0 : R — R be Lipschitz functions. Let X be a one-dimensional diffusion satisfying
dXt = ,U/(Xt> dt + O'(Xt) th

The scale function of the diffusion X, as defined in Definition 3.3 of [51, Chapter
VII], describes how likely the diffusion is to move in either direction. As shown in
Exercise 3.20 of [51, Chapter VII|, the scale function of X can be written in the
following form. Following Definition 6.1 of [23], we take this to be our definition of

the scale function.

Definition B.1 (Scale function). Define the scale function s : R — R of the diffusion

X by
s(z) == /cmexp{—/cyQM(z)a_Q(z) dz},

where ¢ € R is arbitrary.

Note that the scale function is defined uniquely up to an arbitrary constant c.
The choice of this constant will not play any role in the following results.

We will use the scale function to compute hitting probabilities via the following
result, as stated in Lemma 6.7 of [23], which is a reformulation of Proposition 3.2
of [51, Chapter VII] for our definition of the scale function.
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Proposition B.2. Let s : R — R be the scale function of the diffusion X. Then,
for any a,b,x € R,with a < x < b,

s(x) — s(a)

s(b) — s(a)’

where T, and T, are defined to be the first hitting times of levels a and b, respectively,
by the diffusion X.

P¥ [, < 7,] =

From the scale function, we can derive the speed measure of the process X, which
is defined in Definition 3.7 of [51, Chapter VII] and describes the time-change needed
to transform X into a Brownian motion. Again, we take our definition to be the
form found in Exercise 3.20 of [51, Chapter VII|, which agrees with Definition 6.3

of [23] up to a multiplicative constant.

Definition B.3 (Speed measure). Define the speed measure m of the diffusion X

by
frits - | i

for any Borel set A C R, where s is the scale function of X.

We now introduce the Green’s function, which is defined in Definition 6.12 of [23]
using the scale function and speed measure. Here, we take our definition to be
consistent with the one used in Corollary 3.8 of [51, Chapter VII|, which does not

include the speed measure in the form of the Green’s function.

Definition B.4 (Green’s function). Let I = (a,b) C R. Then the Green’s function
Gy : I x I — R associated to X on the interval I is given by

(s(2)—s(a)) (s(b)—5(»)
Gl(%y)iz s(b)—s(a) ? anSysba
(s(y)—=s(@))(s(b)—s(x)) <
s(b)—s(a) .

The main result of this section is the following adaptation of both Corollary 3.8
of [51, Chapter VII| and Theorem 6.11 of [23]. We use this result several times to
calculate expected costs in Chapter 2 and Chapter 5.

Proposition B.5. Let I be an open interval and define 7 := inf{t > 0: X; ¢ I}.
Then, for any Borel function f : I — R that is bounded either from above or below,

o [ [ e ds} ~ [ Gt stmia).
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