
PTiBK�H +QMi`QH Q7 K�`iBM;�H2b BM � `�/B�HHv
bvKK2i`B+ 2MpB`QMK2Mi

"2M _Q#BMbQM
kNi? �T`BH kykR

lMBp2`bBiv Q7 oB2MM�
#2MX`Q#BMbQM!mMBpB2X�+X�i

CQBMi rQ`F rBi? �H2t�M/2` *Qt UlMBp2`bBiv Q7 "�i?V



S`Q#H2K bi�i2K2Mi

JBMBKBb2
E
[∫ τD

0
f(Xs) ds+ g(XτD)

]

Qp2` +QMiBMmQmb K�`iBM;�H2b X rBi? }t2/ [m�/`�iB+ p�`B�iBQM
〈X〉t = t- /2}M2/ QM bQK2 #QmM/2/ /QK�BM

D ⊂ Rd, d ≥ 2.



JQiBp�iBQM

�M 2t�KTH2 Q7 � T`Q#H2K BM K�i?2K�iB+�H }M�M+2 Bb iQ }M/

v(P) = sup
τ

E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

h?Bb p�Hm2 K�v #2 p2`v b2MbBiBp2 iQ i?2 +?QB+2 Q7 i?2 K2�bm`2 PX

_Q#mbi }M�M+2 Bb +QM+2`M2/ rBi? }M/BM; KQ/2H@BM/2T2M/2Mi
#QmM/b bm+? �b

inf
P
v(P) = sup

τ
inf
P
E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

q2 bim/v i?2 BMM2` QTiBKBb�iBQM T`Q#H2K �M/ �`2 BMi2`2bi2/ BM i?2
bi`m+im`2 Q7 KmHiB/BK2MbBQM�H K�`iBM;�H2bX



JQiBp�iBQM

�M 2t�KTH2 Q7 � T`Q#H2K BM K�i?2K�iB+�H }M�M+2 Bb iQ }M/

v(P) = sup
τ

E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

h?Bb p�Hm2 K�v #2 p2`v b2MbBiBp2 iQ i?2 +?QB+2 Q7 i?2 K2�bm`2 PX

_Q#mbi }M�M+2 Bb +QM+2`M2/ rBi? }M/BM; KQ/2H@BM/2T2M/2Mi
#QmM/b

bm+? �b

inf
P
v(P) = sup

τ
inf
P
E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

q2 bim/v i?2 BMM2` QTiBKBb�iBQM T`Q#H2K �M/ �`2 BMi2`2bi2/ BM i?2
bi`m+im`2 Q7 KmHiB/BK2MbBQM�H K�`iBM;�H2bX



JQiBp�iBQM

�M 2t�KTH2 Q7 � T`Q#H2K BM K�i?2K�iB+�H }M�M+2 Bb iQ }M/

v(P) = sup
τ

E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

h?Bb p�Hm2 K�v #2 p2`v b2MbBiBp2 iQ i?2 +?QB+2 Q7 i?2 K2�bm`2 PX

_Q#mbi }M�M+2 Bb +QM+2`M2/ rBi? }M/BM; KQ/2H@BM/2T2M/2Mi
#QmM/b bm+? �b

inf
P
v(P) = sup

τ
inf
P
E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

q2 bim/v i?2 BMM2` QTiBKBb�iBQM T`Q#H2K �M/ �`2 BMi2`2bi2/ BM i?2
bi`m+im`2 Q7 KmHiB/BK2MbBQM�H K�`iBM;�H2bX



JQiBp�iBQM

�M 2t�KTH2 Q7 � T`Q#H2K BM K�i?2K�iB+�H }M�M+2 Bb iQ }M/

v(P) = sup
τ

E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

h?Bb p�Hm2 K�v #2 p2`v b2MbBiBp2 iQ i?2 +?QB+2 Q7 i?2 K2�bm`2 PX

_Q#mbi }M�M+2 Bb +QM+2`M2/ rBi? }M/BM; KQ/2H@BM/2T2M/2Mi
#QmM/b bm+? �b

inf
P
v(P) = sup

τ
inf
P
E
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
.

q2 bim/v i?2 BMM2` QTiBKBb�iBQM T`Q#H2K �M/ �`2 BMi2`2bi2/ BM i?2
bi`m+im`2 Q7 KmHiB/BK2MbBQM�H K�`iBM;�H2bX



S`Q#H2K 7Q`KmH�iBQM

PTiBK�H #2?�pBQm`

*QMbi`m+iBQM Q7 2tTHB+Bi bQHmiBQM

1ti2MbBQM Q7 `2bmHib

�M a.1 rBi? MQ bi`QM; bQHmiBQM



S`Q#H2K 7Q`KmH�iBQM



S`Q#H2K 7Q`KmH�iBQM

*QMi`QH b2i, .2}M2 U :=
{
σ ∈ Rd,d : Tr(σσ!) = 1

}

6Bt � T`Q#�#BHBiv bT�+2 QM r?B+? � d@/BK2MbBQM�H "`QrMB�M KQiBQM
B Bb /2}M2/- rBi? M�im`�H }Hi`�iBQM FX

G2i U #2 i?2 b2i Q7 U @p�Hm2/ F@T`Q;`2bbBp2Hv K2�bm`�#H2 T`Q+2bb2bX

.vM�KB+b, 6Q` x ∈ D �M/ ν ∈ U - /2}M2 Xν #v i?2 biQ+?�biB+
BMi2;`�H

Xν
t = x+

∫ t

0
νs dBs, t ≥ 0.

o�Hm2 7mM+iBQM, 6BM/ i?2 p�Hm2 7mM+iBQM vS : D → R-

v(x) := inf
ν∈U

Ex

[∫ τ

0
f(Xν

s ) ds+ g(Xν
τ )

]



S`Q#H2K 7Q`KmH�iBQM

*QMi`QH b2i, .2}M2 U :=
{
σ ∈ Rd,d : Tr(σσ!) = 1

}

6Bt � T`Q#�#BHBiv bT�+2 QM r?B+? � d@/BK2MbBQM�H "`QrMB�M KQiBQM
B Bb /2}M2/- rBi? M�im`�H }Hi`�iBQM FX

G2i U #2 i?2 b2i Q7 U @p�Hm2/ F@T`Q;`2bbBp2Hv K2�bm`�#H2 T`Q+2bb2bX

.vM�KB+b, 6Q` x ∈ D �M/ ν ∈ U - /2}M2 Xν #v i?2 biQ+?�biB+
BMi2;`�H

Xν
t = x+

∫ t

0
νs dBs, t ≥ 0.

o�Hm2 7mM+iBQM, 6BM/ i?2 p�Hm2 7mM+iBQM vS : D → R-

v(x) := inf
ν∈U

Ex

[∫ τ

0
f(Xν

s ) ds+ g(Xν
τ )

]



S`Q#H2K 7Q`KmH�iBQM

*QMi`QH b2i, .2}M2 U :=
{
σ ∈ Rd,d : Tr(σσ!) = 1

}

6Bt � T`Q#�#BHBiv bT�+2 QM r?B+? � d@/BK2MbBQM�H "`QrMB�M KQiBQM
B Bb /2}M2/- rBi? M�im`�H }Hi`�iBQM FX

G2i U #2 i?2 b2i Q7 U @p�Hm2/ F@T`Q;`2bbBp2Hv K2�bm`�#H2 T`Q+2bb2bX

.vM�KB+b, 6Q` x ∈ D �M/ ν ∈ U - /2}M2 Xν #v i?2 biQ+?�biB+
BMi2;`�H

Xν
t = x+

∫ t

0
νs dBs, t ≥ 0.

o�Hm2 7mM+iBQM, 6BM/ i?2 p�Hm2 7mM+iBQM vS : D → R-

v(x) := inf
ν∈U

Ex

[∫ τ

0
f(Xν

s ) ds+ g(Xν
τ )

]

ok



J�`FQp +QMi`QHb

1t�KTH2, G2i σ : D → U #2 GBTb+?BixX h?2M i?2`2 Bb � mMB[m2
bi`QM; bQHmiBQM Xσ Q7 i?2 a.1

dXt = σ(Xt) dBt, X0 = x.

.2}M2 νt = σ(Xσ
t ) 7Q` �HH t ≥ 0X

h?2M ν ∈ U �M/

Xσ
t = x+

∫ t

0
νs dBs = Xν

t .

h?Bb ν Bb �M 2t�KTH2 Q7 � J�`FQp +QMi`QHX



J�`FQp +QMi`QHb

1t�KTH2, G2i σ : D → U #2 GBTb+?BixX h?2M i?2`2 Bb � mMB[m2
bi`QM; bQHmiBQM Xσ Q7 i?2 a.1

dXt = σ(Xt) dBt, X0 = x.

.2}M2 νt = σ(Xσ
t ) 7Q` �HH t ≥ 0Xh?2M ν ∈ U �M/

Xσ
t = x+

∫ t

0
νs dBs = Xν

t .

h?Bb ν Bb �M 2t�KTH2 Q7 � J�`FQp +QMi`QHX



�bbmKTiBQMb

v(x) := inf
ν∈U

Ex

[∫ τ

0
f(Xν

s ) ds+ g(Xν
τ )

]
,

RX D = BR(0) ⊂ Rd

kX f Bb `�/B�HHv bvKK2i`B+c BX2X f(x) = f̃(|x|)
jX g Bb +QMbi�Mi

9X f Bb +QMiBMmQmb
8X f̃ ′

+(r) 2tBbib 7Q` �HH r ≥ 0 �M/ +?�M;2b bB;M }MBi2Hv K�Mv iBK2b
eX f̃ Bb KQMQiQM2 �M/ bm{+B2MiHv bKQQi? M2�` i?2 Q`B;BM



�bbmKTiBQMb

v(x) := inf
ν∈U

Ex

[∫ τ

0
f(Xν

s ) ds+ g(Xν
τ )

]
,

RX D = BR(0) ⊂ Rd

kX f Bb `�/B�HHv bvKK2i`B+c BX2X f(x) = f̃(|x|)
jX g Bb +QMbi�Mi
9X f Bb +QMiBMmQmb
8X f̃ ′

+(r) 2tBbib 7Q` �HH r ≥ 0 �M/ +?�M;2b bB;M }MBi2Hv K�Mv iBK2b
eX f̃ Bb KQMQiQM2 �M/ bm{+B2MiHv bKQQi? M2�` i?2 Q`B;BM



PTiBK�H #2?�pBQm`



_�/B�H KQiBQM

PTiBK�H #2?�pBQm` 7Q` f̃ KQMQiQMB+�HHv BM+`2�bBM;

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt

Ç *QMi`QH, νt ≡
1

|x| [x; 0; . . . ; 0]

Ç _�/Bmb T`Q+2bb, dRt = dWt



_�/B�H KQiBQM

PTiBK�H #2?�pBQm` 7Q` f̃ KQMQiQMB+�HHv BM+`2�bBM;

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt

Ç *QMi`QH, νt ≡
1

|x| [x; 0; . . . ; 0]

Ç _�/Bmb T`Q+2bb, dRt = dWt



_�/B�H KQiBQM

PTiBK�H #2?�pBQm` 7Q` f̃ KQMQiQMB+�HHv BM+`2�bBM;

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt

Ç *QMi`QH, νt ≡
1

|x| [x; 0; . . . ; 0]

Ç _�/Bmb T`Q+2bb, dRt = dWt



h�M;2MiB�H KQiBQM

PTiBK�H #2?�pBQm` 7Q` f̃ KQMQiQMB+�HHv /2+`2�bBM;

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt

Ç *QMi`QH, νt = σ(Xt) =
1

|Xt|
[X⊥

t ; 0; . . . ; 0]

Ç _�/Bmb T`Q+2bb,



h�M;2MiB�H KQiBQM

PTiBK�H #2?�pBQm` 7Q` f̃ KQMQiQMB+�HHv /2+`2�bBM;

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt

Ç *QMi`QH, νt = σ(Xt) =
1

|Xt|
[X⊥

t ; 0; . . . ; 0]

Ç _�/Bmb T`Q+2bb,



h�M;2MiB�H KQiBQM

PTiBK�H #2?�pBQm` 7Q` f̃ KQMQiQMB+�HHv /2+`2�bBM;

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt

Ç *QMi`QH, νt = σ(Xt) =
1

|Xt|
[X⊥

t ; 0; . . . ; 0]

Ç _�/Bmb T`Q+2bb,
dRt =

1

2Rt
dt ⇒ Rt=k4+t→



hrQ QTiBK�H #2?�pBQm` `2;BK2b

U�V a�KTH2 T�i? Q7 `�/B�H
KQiBQM

U#V a�KTH2 T�i? Q7
i�M;2MiB�H KQiBQM

U+V a�KTH2 T�i? Q7 `�/Bmb
T`Q+2bb 7Q` U�V

U/V a�KTH2 T�i? Q7 `�/Bmb
T`Q+2bb 7Q` U#V



hrQ QTiBK�H #2?�pBQm` `2;BK2b

*H�BK
6Q` �Mv f b�iBb7vBM; �bbmKTiBQMb RĜe- �M QTiBK�H bi`�i2;v Bb iQ
brBi+? #2ir22M `�/B�H �M/ i�M;2MiB�H KQiBQMX

6B;m`2 9, � TQbbB#H2 QTiBK�H i`�D2+iQ`v



*QMbi`m+iBQM Q7 2tTHB+Bi bQHmiBQM



J2i?Q/ Q7 bQHmiBQM

RX S`Qp2 i?�i i?2 p�Hm2 7mM+iBQM v Bb i?2 mMB[m2 pBb+QbBiv bQHmiBQM
Q7 




−1

2 infσ∈U Tr(D2vσσ!) = f BM D

v = g QM ∂D
U>C"V

kX 6BM/ brBi+?BM; TQBMib iQ +QMbi`m+i +�M/B/�i2 p�Hm2 7mM+iBQM V

jX a?Qr i?�i i?2 +�M/B/�i2 7mM+iBQM V bQHp2b U>C"V



*QMbi`m+iBQM Q7 p�Hm2 7mM+iBQM

*H�BK i?�i i?2 QTiBK�H bi`�i2;v Bb iQ brBi+? #2ir22M `�/B�H �M/
i�M;2MiB�H KQiBQMX

h?2M v(x) = ṽ(|x|)- r?2`2

Ç ṽ(R) = g

Ç �M/- 7Q` r ∈ (0, R)- 2Bi?2`

−1

2
ṽ′′(r) = f̃(r), Q`

− 1

2r
ṽ′(r) = f̃(r).

hQ KBMBKBb2
ṽ(r) = g −

∫ R

r
ṽ′(s) ds,

r2 b22F iQ K�tBKBb2 ṽ′(r)X

DREdhf ⇒

dRt=¥dt⇒



*QMbi`m+iBQM Q7 p�Hm2 7mM+iBQM

*H�BK i?�i i?2 QTiBK�H bi`�i2;v Bb iQ brBi+? #2ir22M `�/B�H �M/
i�M;2MiB�H KQiBQMX

h?2M v(x) = ṽ(|x|)- r?2`2

Ç ṽ(R) = g

Ç �M/- 7Q` r ∈ (0, R)- 2Bi?2`

−1

2
ṽ′′(r) = f̃(r), Q`

− 1

2r
ṽ′(r) = f̃(r).

hQ KBMBKBb2
ṽ(r) = g −

∫ R

r
ṽ′(s) ds,

r2 b22F iQ K�tBKBb2 ṽ′(r)X



�M 2t�KTH2

*QMbB/2` i?2 +Qbi 7mM+iBQM f(x) = sin(|x|)



arBi+?BM; TQBMib

ṽ′′(r) = −2f̃(r) ṽ′(r) = −2rf̃(r)

Rbi Q`/2`
ṽ′′(r) = −2f̃(r)

0 r1 s1



_2im`M iQ i?2 2t�KTH2

u1
′′(r) = −2f̃(r), (u1)

′
+(0) = 0

w1
′(r) = −2rf̃(r)



arBi+?BM; TQBMib

ṽ′′(r) = −2f̃(r) ṽ′(r) = −2rf̃(r)

Rbi Q`/2`
ṽ′′(r) = −2f̃(r)

0 r1 s1

arBi+?BM; TQBMi Bb /2i2`KBM2/ #v

r1 = inf{r > s0 :

∫ r

0
f̃(s) ds > rf̃(r)}.

"v +QMiBMmBiv Q7 f - r2 ?�p2 bKQQi? }i �i r1X



arBi+?BM; TQBMib

ṽ′′(r) = −2f̃(r) ṽ′(r) = −2rf̃(r) ṽ′′(r) = −2f̃(r)

kM/ Q`/2`0 r1 s1

q2 M22/ iQ 2M7Q`+2 bKQQi? }i �i s1



_2im`M iQ i?2 2t�KTH2

w1
′(r) = −2rf̃(r)

u2
′′(r) = −2f̃(r), (u2)

′
+(s1) = w1

′(s1)



_2im`M iQ i?2 2t�KTH2

w1
′(r) = −2rf̃(r)

u2
′′(r) = −2f̃(r), (u2)

′
+(s1) = w1

′(s1)



_2im`M iQ i?2 2t�KTH2

w1
′(r) = −2rf̃(r)

u2
′′(r) = −2f̃(r), (u2)

′
+(s1) = w1

′(s1)



arBi+?BM; TQBMib

ṽ′′(r) = −2f̃(r) ṽ′(r) = −2rf̃(r) ṽ′′(r) = −2f̃(r)

kM/ Q`/2`0 r1 s1

q2 M22/ iQ 2M7Q`+2 bKQQi? }i �i s1- �M/ r2 M22/ � kM/ Q`/2`
+QM/BiBQM iQ /2i2`KBM2 i?2 brBi+?BM; TQBMi,

s1 = inf{r > s0 : ṽ
′′
+(r) < −2f̃(r)}.



arBi+?BM; TQBMib

ṽ′′(r) = −2f̃(r) ṽ′(r) = −2rf̃(r) ṽ′′(r) = −2f̃(r)

kM/ Q`/2`0 r1 s1

q2 M22/ iQ 2M7Q`+2 bKQQi? }i �i s1- �M/ r2 M22/ � kM/ Q`/2`
+QM/BiBQM iQ /2i2`KBM2 i?2 brBi+?BM; TQBMi,

s1 = inf{r > s0 : f̃
′
+(r) > 0}.



arBi+?BM; TQBMib

*QMiBMm2 BM i?Bb r�v iQ +QMbi`m+i � b2[m2M+2 Q7 brBi+?BM; TQBMib

s0 < r1 < . . . < ri < si < . . . ,

rBi?
ri := inf

{
r > si−1 :

∫ r

si−1

f̃(s) ds > rf̃(r)

}
,

�M/
si := inf

{
r > ri : f̃

′
+(r) > 0

}
.

q2 �``Bp2 �i i?2 7QHHQrBM; +�M/B/�i2 p�Hm2 7mM+iBQM V : D → RX



arBi+?BM; TQBMib

*QMiBMm2 BM i?Bb r�v iQ +QMbi`m+i � b2[m2M+2 Q7 brBi+?BM; TQBMib

s0 < r1 < . . . < ri < si < . . . ,

rBi?
ri := inf

{
r > si−1 :

∫ r

si−1

f̃(s) ds > rf̃(r)

}
,

�M/
si := inf

{
r > ri : f̃

′
+(r) > 0

}
.

q2 �``Bp2 �i i?2 7QHHQrBM; +�M/B/�i2 p�Hm2 7mM+iBQM V : D → RX



*�M/B/�i2 p�Hm2 7mM+iBQM

*�b2 R, A7 f̃ Bb BM+`2�bBM; BM (0, η)- i?2M b2i s0 = 0 �M/ H2i K ∈ N
#2 bm+? i?�i R ∈ (sK−1, sK ]X 6Q` x ∈ D- /2}M2

V (x) = g − 2

∫ sK

R∨rK
sf̃(s) ds

− 2(rK −R ∧ rK)sK−1f̃(sK−1)− 2

∫ rK

R∧rK

∫ s

sK−1

f̃(t) dt ds

+ 2
K∑

i=1

1{(si−1,si]}(|x|)
[
(ri − |x| ∧ ri)si−1f̃(s−1)

+

∫ ri

|x|∧ri

∫ s

si−1

f̃(t) dt ds+

∫ si

|x|∨ri
sf̃(s) ds+ FK

i

]
.



*�M/B/�i2 p�Hm2 7mM+iBQM

*�b2 k, A7 f̃ Bb /2+`2�bBM; BM (0, η)- i?2M b2i r0 = 0 �M/ H2i L ∈ N
#2 bm+? i?�i R ∈ (rL, rL+1]X 6Q` x ∈ D- /2}M2

V (x) = g − 2

∫ sL

R∧sL
sf̃(s) ds

+ 2(R ∨ sL − sL)sLf̃(sL) + 2

∫ R∨sL

sL

∫ s

sL

f̃(t) dtds

+ 2
L∑

i=0

1{(ri,ri+1]}(|x|)
[∫ si

|x|∧si
sf̃(s) ds− (|x| ∨ si − si)sif̃(si)

−
∫ |x|∨si

si

∫ s

si

f̃(t) dt ds+ FL
i

]
.



*�M/B/�i2 p�Hm2 7mM+iBQM

h?2`2 2tBbi +QMbi�Mib Ci- C̃i bm+? i?�i

V (x) =




−2

∫ |x|
si−1

∫ s
si−1

f̃(t) dt ds− 2 |x| si−1f̃(si−1) + Ci, |x| ∈ [si−1, ri],

−2
∫ |x|
ri

sf̃(s) ds+ C̃i, |x| ∈ [ri, si].

h?2Q`2K (*Qt �M/ _X kykRY)
lM/2` �bbmKTiBQMb RĜe- i?2 p�Hm2 7mM+iBQM Bb ;Bp2M #v

v = V.



A/2� Q7 i?2 T`QQ7

RX S`Qp2 i?�i i?2 p�Hm2 7mM+iBQM v

Ç Bb +QMiBMmQmb �M/ b2KB@+QMp2t
Ç b�iBb}2b � /vM�KB+ T`Q;`�KKBM; T`BM+BTH2
Ç Bb i?2 mMB[m2 pBb+QbBiv bQHmiBQM Q7

{
− 1

2 infσ∈U Tr(D2vσσ") = f BM D

v = g QM ∂D
U>C"V

kX o2`B7v i?�i V bQHp2b U>C"V
jX *QM+Hm/2 i?�i v = V



A/2� Q7 i?2 T`QQ7

RX S`Qp2 i?�i i?2 p�Hm2 7mM+iBQM v

Ç Bb +QMiBMmQmb �M/ b2KB@+QMp2t
Ç b�iBb}2b � /vM�KB+ T`Q;`�KKBM; T`BM+BTH2
Ç Bb i?2 mMB[m2 pBb+QbBiv bQHmiBQM Q7

{
− 1

2 infσ∈U Tr(D2vσσ") = f BM D

v = g QM ∂D
U>C"V

kX o2`B7v i?�i V bQHp2b U>C"V

jX *QM+Hm/2 i?�i v = V



A/2� Q7 i?2 T`QQ7

RX S`Qp2 i?�i i?2 p�Hm2 7mM+iBQM v

Ç Bb +QMiBMmQmb �M/ b2KB@+QMp2t
Ç b�iBb}2b � /vM�KB+ T`Q;`�KKBM; T`BM+BTH2
Ç Bb i?2 mMB[m2 pBb+QbBiv bQHmiBQM Q7

{
− 1

2 infσ∈U Tr(D2vσσ") = f BM D

v = g QM ∂D
U>C"V

kX o2`B7v i?�i V bQHp2b U>C"V
jX *QM+Hm/2 i?�i v = V



1ti2MbBQM Q7 `2bmHib



P`B;BM�H �bbmKTiBQMb

q2 MQr `2H�t i?2 �bbmKTiBQMb,

v(x) := inf
P∈Px

EP
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
,

RX D = BR(0)

kX f `�/B�HHv bvKK2i`B+c BX2X f(x) = f̃(|x|)
jX g +QMbi�Mi
9X f +QMiBMmQmb
8X f̃ ′

+(r) 2tBbib 7Q` �HH r ≥ 0 �M/ +?�M;2b bB;M }MBi2Hv K�Mv iBK2b
eX f̃ Bb KQMQiQM2 �M/ bm{+B2MiHv bKQQi? M2�` i?2 Q`B;BM



_2H�t2/ �bbmKTiBQMb

q2 MQr `2H�t i?2 �bbmKTiBQMb,

v(x) := inf
P∈Px

EP
[∫ τ

0
f(Xs) ds+ g(Xτ )

]
,

RX D = BR(0)

kX f `�/B�HHv bvKK2i`B+c BX2X f(x) = f̃(|x|)
jX g +QMbi�Mi
9X f +QMiBMmQmb BM D \ {0}
8X f̃ ′

+(r) 2tBbib 7Q` �HH r ≥ 0 �M/ +?�M;2b bB;M }MBi2Hv K�Mv iBK2b
eX f̃ Bb KQMQiQM2 M2�` i?2 Q`B;BM



PTiBK�H #2?�pBQm`

_�/B�H KQiBQM
νt ≡ 1

|x| [x; 0; . . . ; 0]

h�M;2MiB�H KQiBQM
νt = σ(Xt) = 1

|Xt| [X
⊥
t ; 0; . . . ; 0]

x =/O KEO

If 0<=0,
dxt =-(E)dBt

Vt -=e, x = -0

dX£= e. dBt ?



1ti2MbBQM Q7 `2bmHib

amTTQb2 i?�i ∫ r

0
f̃(s) ds ∈ (−∞,∞).

r

f̃(r)

v = V

E°§F§(ws)ds]~d{¥61b
E.
g. →0
IHn -¥3
is< I c-f-,-1



1ti2MbBQM Q7 `2bmHib

amTTQb2 i?�i ∫ r

0
f̃(s) ds = −∞.

r

f̃(r)

v = V

v ≡ −∞



1ti2MbBQM Q7 `2bmHib

amTTQb2 i?�i ∫ r

0
sf̃(s) ds = +∞.

r

f̃(r)

v = V

v ≡ −∞

v = V
v(0) = ∞

E.g .

Ffr)ntrz



1ti2MbBQM Q7 `2bmHib

amTTQb2 i?�i
∫ r

0
f̃(s) = ∞ �M/

∫ r

0
sf̃(s) ds < ∞.

r

f̃(r)

v = V

v ≡ −∞

v = V
v(0) = ∞

i

-2¥
d73_ B d-dim .Ikki

É⑤HBs)ds]
n¥)dr
dnÉcogrICdt=o



�M a.1 rBi? MQ bi`QM; bQHmiBQM



�M a.1 rBi? MQ bi`QM; bQHmiBQM

6Bt d = 2 �M/ H2i B #2 � QM2@/BK2MbBQM�H "`QrMB�M KQiBQMX

h?2Q`2K (G�`bbQM �M/ _m7- kyky)
h?2 a.1

dXt =
1

|Xt|
X⊥

t dBt; X0 = 0 URV

?�b � r2�F bQHmiBQMX



�M a.1 rBi? MQ bi`QM; bQHmiBQM

6Bt d = 2 �M/ H2i B #2 � QM2@/BK2MbBQM�H "`QrMB�M KQiBQMX

h?2Q`2K (G�`bbQM �M/ _m7- kyky)
h?2 a.1

dXt =
1

|Xt|
X⊥

t dBt; X0 = 0 URV

?�b � r2�F bQHmiBQMX

a�KTH2 T�i? Q7 Xt
a�KTH2 T�i? Q7 Rt



�M a.1 rBi? MQ bi`QM; bQHmiBQM

6Bt d = 2 �M/ H2i B #2 � QM2@/BK2MbBQM�H "`QrMB�M KQiBQMX

h?2Q`2K (G�`bbQM �M/ _m7- kyky)
h?2 a.1

dXt =
1

|Xt|
X⊥

t dBt; X0 = 0 URV

?�b � r2�F bQHmiBQMX

h?2Q`2K (*Qt �M/ _X kykRY)
h?2 a.1 URV ?�b MQ bi`QM; bQHmiBQMX



�M a.1 rBi? MQ bi`QM; bQHmiBQM

6Bt d = 2 �M/ H2i B #2 � QM2@/BK2MbBQM�H "`QrMB�M KQiBQMX

h?2Q`2K (G�`bbQM �M/ _m7- kyky)
h?2 a.1

dXt =
1

|Xt|
X⊥

t dBt; X0 = 0 URV

?�b � r2�F bQHmiBQMX

h?2Q`2K (*Qt �M/ _X kykRY)
h?2 a.1 URV ?�b MQ bi`QM; bQHmiBQMX

Ç S`QQ7 mb2b B/2�b 7`QK i?2 bim/v Q7 hbB`2HbQMǶb 2[m�iBQMX
Ç q2 mb2 T`QT2`iB2b Q7 +B`+mH�` "`QrMB�M KQiBQM- �b T`Qp2/ BM

(úK2`v �M/ a+?�+?2`K�v2`- RNNN)X

DXc- = blt, ×.)dt
+ dBt



�M a.1 rBi? MQ bi`QM; bQHmiBQM

h?2Q`2K (*Qt �M/ _X kykyY)
6Bt d = 2 �M/ bmTTQb2 i?�i

∫ r

0
f̃(s) ds = ∞ �M/

∫ r

0
sf̃(s) ds < ∞.

h?2M v = V < ∞X



�M a.1 rBi? MQ bi`QM; bQHmiBQM

h?2Q`2K (*Qt �M/ _X kykyY)
6Bt d = 2 �M/ bmTTQb2 i?�i

∫ r

0
f̃(s) ds = ∞ �M/

∫ r

0
sf̃(s) ds < ∞.

h?2M v = V < ∞X

Ç � r2�F bQHmiBQM X Q7 URV ;2M2`�i2b � "`QrMB�M }Hi`�iBQM #v
(úK2`v �M/ a+?�+?2`K�v2`- RNNN) 5-

✗
= FW



�M a.1 rBi? MQ bi`QM; bQHmiBQM

h?2Q`2K (*Qt �M/ _X kykyY)
6Bt d = 2 �M/ bmTTQb2 i?�i

∫ r

0
f̃(s) ds = ∞ �M/

∫ r

0
sf̃(s) ds < ∞.

h?2M v = V < ∞X

Ç � r2�F bQHmiBQM X Q7 URV ;2M2`�i2b � "`QrMB�M }Hi`�iBQM #v
(úK2`v �M/ a+?�+?2`K�v2`- RNNN)

Ç h?2`2 2tBbib ν$ ∈ U bm+? i?�i

Yt :=

∫ t

0
ν$s dBs.

b�iBb}2b Y
H�r
= XX

¥ = of✗f)
dXt=oKHdB+



�M a.1 rBi? MQ bi`QM; bQHmiBQM

h?2Q`2K (*Qt �M/ _X kykyY)
6Bt d = 2 �M/ bmTTQb2 i?�i

∫ r

0
f̃(s) ds = ∞ �M/

∫ r

0
sf̃(s) ds < ∞.

h?2M v = V < ∞X

*QMD2+im`2
6Bt d = 2 �M/ bmTTQb2 i?�i

∫ r

0
f̃(s) ds = ∞ �M/

∫ r

0
sf̃(s) ds < ∞.

h?2M v(0) < vM (0)X



amKK�`v

Ç *QMbi`m+i2/ i?2 p�Hm2 7mM+iBQM 2tTHB+BiHv 7Q` +QMiBMmQmb
`�/B�HHv bvKK2i`B+ +Qbib

Ç 1ti2M/2/ i?Bb `2bmHi iQ +Qbib i?�i #2+QK2 BM}MBi2 �i i?2 Q`B;BM
Ç *QMD2+im`2 i?�i i?2`2 2tBbib � +�b2 r?2`2 i?2 p�Hm2 �i i?2

Q`B;BM Bb ;`2�i2` r?2M `2bi`B+i2/ iQ J�`FQp +QMi`QHb,
Ç S`Qp2/ i?�i �M a.1 /2b+`B#BM; i�M;2MiB�H KQiBQM ?�b � r2�F

bQHmiBQM #mi MQ bi`QM; bQHmiBQM bi�`i2/ 7`QK i?2 Q`B;BM
Ç S`Qp2/ i?�i �M �TT`QtBK�iBM; b2[m2M+2 Q7 a.1b ?�p2 MQ

bi`QM; bQHmiBQM
Ç _2[mB`2 iQ T`Qp2 i?�i i?2b2 a.1b ?�p2 MQ bi`QM; bQHmiBQM

r?2M /`Bp2M #v k. "`QrMB�M KQiBQM



amKK�`v

Ç *QMbi`m+i2/ i?2 p�Hm2 7mM+iBQM 2tTHB+BiHv 7Q` +QMiBMmQmb
`�/B�HHv bvKK2i`B+ +Qbib

Ç 1ti2M/2/ i?Bb `2bmHi iQ +Qbib i?�i #2+QK2 BM}MBi2 �i i?2 Q`B;BM

Ç *QMD2+im`2 i?�i i?2`2 2tBbib � +�b2 r?2`2 i?2 p�Hm2 �i i?2
Q`B;BM Bb ;`2�i2` r?2M `2bi`B+i2/ iQ J�`FQp +QMi`QHb,

Ç S`Qp2/ i?�i �M a.1 /2b+`B#BM; i�M;2MiB�H KQiBQM ?�b � r2�F
bQHmiBQM #mi MQ bi`QM; bQHmiBQM bi�`i2/ 7`QK i?2 Q`B;BM

Ç S`Qp2/ i?�i �M �TT`QtBK�iBM; b2[m2M+2 Q7 a.1b ?�p2 MQ
bi`QM; bQHmiBQM

Ç _2[mB`2 iQ T`Qp2 i?�i i?2b2 a.1b ?�p2 MQ bi`QM; bQHmiBQM
r?2M /`Bp2M #v k. "`QrMB�M KQiBQM



amKK�`v

Ç *QMbi`m+i2/ i?2 p�Hm2 7mM+iBQM 2tTHB+BiHv 7Q` +QMiBMmQmb
`�/B�HHv bvKK2i`B+ +Qbib

Ç 1ti2M/2/ i?Bb `2bmHi iQ +Qbib i?�i #2+QK2 BM}MBi2 �i i?2 Q`B;BM
Ç *QMD2+im`2 i?�i i?2`2 2tBbib � +�b2 r?2`2 i?2 p�Hm2 �i i?2

Q`B;BM Bb ;`2�i2` r?2M `2bi`B+i2/ iQ J�`FQp +QMi`QHb,

Ç S`Qp2/ i?�i �M a.1 /2b+`B#BM; i�M;2MiB�H KQiBQM ?�b � r2�F
bQHmiBQM #mi MQ bi`QM; bQHmiBQM bi�`i2/ 7`QK i?2 Q`B;BM

Ç S`Qp2/ i?�i �M �TT`QtBK�iBM; b2[m2M+2 Q7 a.1b ?�p2 MQ
bi`QM; bQHmiBQM

Ç _2[mB`2 iQ T`Qp2 i?�i i?2b2 a.1b ?�p2 MQ bi`QM; bQHmiBQM
r?2M /`Bp2M #v k. "`QrMB�M KQiBQM



amKK�`v

Ç *QMbi`m+i2/ i?2 p�Hm2 7mM+iBQM 2tTHB+BiHv 7Q` +QMiBMmQmb
`�/B�HHv bvKK2i`B+ +Qbib

Ç 1ti2M/2/ i?Bb `2bmHi iQ +Qbib i?�i #2+QK2 BM}MBi2 �i i?2 Q`B;BM
Ç *QMD2+im`2 i?�i i?2`2 2tBbib � +�b2 r?2`2 i?2 p�Hm2 �i i?2

Q`B;BM Bb ;`2�i2` r?2M `2bi`B+i2/ iQ J�`FQp +QMi`QHb,
Ç S`Qp2/ i?�i �M a.1 /2b+`B#BM; i�M;2MiB�H KQiBQM ?�b � r2�F

bQHmiBQM #mi MQ bi`QM; bQHmiBQM bi�`i2/ 7`QK i?2 Q`B;BM
Ç S`Qp2/ i?�i �M �TT`QtBK�iBM; b2[m2M+2 Q7 a.1b ?�p2 MQ

bi`QM; bQHmiBQM
Ç _2[mB`2 iQ T`Qp2 i?�i i?2b2 a.1b ?�p2 MQ bi`QM; bQHmiBQM

r?2M /`Bp2M #v k. "`QrMB�M KQiBQM



_272`2M+2b

*Qt- �X JX :X �M/ _Q#BMbQM- "X �X
PTiBK�H +QMi`QH Q7 K�`iBM;�H2b BM � `�/B�HHv bvKK2i`B+
2MpB`QMK2MiX
AM T`2T�`�iBQMX
*Qt- �X JX :X �M/ _Q#BMbQM- "X �X
�M a.1 rBi? MQ bi`QM; bQHmiBQM �`BbBM; BM � T`Q#H2K Q7
biQ+?�biB+ +QMi`QHX
AM T`2T�`�iBQMX
úK2`v- JX �M/ a+?�+?2`K�v2`- qX URNNNVX
� `2K�`F QM hbB`2HbQMǶb biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMX
AM �xûK�- CX- úK2`v- JX- G2/Qmt- JX- �M/ uQ`- JX- 2/BiQ`b- aûKBM�B`2
/2 S`Q#�#BHBiûb sssAAA- pQHmK2 RdyN- T�;2b kNRĜjyjX aT`BM;2` "2`HBM
>2B/2H#2`;- "2`HBM- >2B/2H#2`;X
G�`bbQM- JX �M/ _m7- CX UkykyVX
_2H�iBp2 �`#Bi`�;2, a?�`T hBK2 >Q`BxQMb �M/ JQiBQM #v
*m`p�im`2X
�`sBp,kyyjXRjeyR (K�i?- [@}M)X



amKK�`v

Ç *QMbi`m+i2/ i?2 p�Hm2 7mM+iBQM 2tTHB+BiHv 7Q` +QMiBMmQmb
`�/B�HHv bvKK2i`B+ +Qbib

Ç 1ti2M/2/ i?Bb `2bmHi iQ +Qbib i?�i #2+QK2 BM}MBi2 �i i?2 Q`B;BM
Ç *QMD2+im`2 i?�i i?2`2 2tBbib � +�b2 r?2`2 i?2 p�Hm2 �i i?2

Q`B;BM Bb ;`2�i2` r?2M `2bi`B+i2/ iQ J�`FQp +QMi`QHb

6Q` /2i�BHb- b22 i?2 i?2bBb
aiQ+?�biB+ +QMi`QH T`Q#H2Kb 7Q` KmHiB/BK2MbBQM�H K�`iBM;�H2b

?iiTb,ffK�iXmMBpB2X�+X�if∼#`Q#BMbQM


